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Chapter 1

Introduction
In today’s world communication is one of the most important technologies present. One problem with communication is that wrong interpretations may occur. Fortunately human language is constructed
in a way that if a letter is wrong the reader will discover the error
and correct it, depending on the context, or ask for a retransmission, with a ”Pardon?”. In the world of computers however, the
situation is a bit different. Words are often constructed by two different signs, one and zero, compared to the English language, which
has 26 letters. The zeros and ones are then put in an unique order
which makes the word ”unmistakable”. If one sign is wrong it can
be much harder to translate, or in this context, decode the received
message to the correct message which was transmitted compared
to the English language, which should have much fewer difficulties
with correcting errors. This is because English is much more redundant than the unprotected binary message, and this is why many
different coding schemes are constructed and used over the entire
world. Turbo codes are one of the new ones, first presented in 1993
by Claude Berrou, Alain Glavieux and Punya Thitimajshima[10].
What surprised the coding community was that they came astonishingly close to the Shannon-limit[59]. The Shannon-limit will be
explained later in this thesis.
The purpose of most coding schemes is to improve the error correcting capabilities, but there are coding schemes, like kids SMS1
language, whose purpose is to be short and quick to write. For example ”Hello” might be something like ”lo”, however the disadvantage
of this kind of scheme is that each codeword might decode to several likely decoded words. It is often seen when kids communicate
with SMS to their parents that wrong interpretations occur. Par1 Short

Message Service
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ents do not know all their child’s ”codewords” and misunderstand
the meaning of an abbreviation.
Turbo-codes however, like many coding schemes, are made to improve the error correcting capabilities of the message. Turbo-codes
are a class of high-performance linear error correcting code which
have found use in, for example, satellite communications in deepspace and in other areas like cellphone communication [12, 39], for
example in 3G2 [3, 17].
The difference between coding theory and cryptography will now
be defined.
is the science of encoding data so that when it is
sent over a channel it is most probably decoded to the same data
that was sent. Chapter 3 will give a short introduction on coding
theory.
Coding theory

is the science of encoding data so that nobody except the receiver can decode and read the data that was sent over a
channel. So if the data was intercepted by a third party, the third
party should not be able to read the data.
Cryptography

This thesis will explain some of the basics of turbo codes, and some
of the new developments over the last five years. The reader should
be aware that the amount of research is quite large, so this thesis
will only discuss some selected topics. In particular, the thesis emphasises recent research into interleaving schemes.
The structure of this thesis is as follows. Chapter 2 explains briefly
some of the channels encountered in this thesis, and the different
ways of understanding the binary digits that are used through this
thesis. A brief presentation of signal modulation is also given. Chapter 3 gives a short introduction to some of the coding theory that
is the building blocks of turbo codes. Chapter 4 explains the different components of turbo codes, that is; encoding, interleaving,
puncturing, and decoding. Chapter 5 presents some of the recent
developments on turbo codes over the last five years, mainly focusing on interleaving. For a simple product code, four different
interleavers have been presented in Chapter 6, where the results of
2 3G (3rd Generation mobile communicatoin system), is a relatively new mobile phone
standard with a high rate data transmission, that can, for example, be used to transfer voice
and data simultaneously.
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the simulation of these are presented in Chapter 7, together with
an explanation of the simulations. The conclusion of this thesis is
finally given in Chapter 8. Appendix A explains the use of the
programs given in the enclosed CD.

13
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Chapter 2

Data structures and
Channels
2.1

Data structures

The alphabet of a digital computer is {0, 1} together with the binary operators XOR and AND, ie. GF(2)1 . The XOR and AND
operations are defined as shown in figure 2.1. When data bits are
sent over a channel it is sometimes more appropriate to use {−1, 1}.
The turbo decoders of Chapter 6 map +1 to ”1” and -1 to ”0”. So
they use the alphabet {0, 1} and the switch to a {−1, 1} happens
when one considers log-likelihoods. If not stated otherwise, the term

0
1

0
0
1

1
1
0

(a) The XOR operation

0
1

0
0
0

1
0
1

(b) The AND operation

Figure 2.1: The truth table for the binary operations XOR and AND.

”binary vectors” will for the rest of this thesis mean the elements
{0, 1} along with the binary operators XOR and AND.

2.2

Channels

A channel is the medium used to transport information from a
sender to a receiver. Since none of the codes in this thesis are actually sent in practice, a simulated channel has to be constructed so
that the ”sent” message will encounter some kind of noise.
1 Galois

Field
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2.2.1

Additive White Gaussian Noise (AWGN)

A common channel model used is the Additive White Gaussian
Noise, or AWGN, channel, which is a good model for many satellite
and deep space communication links. On the other hand, this is a
not such a good model for most terrestrial links since they are also
concerned with multipath, terrain blocking and interference.
If a transmitted signal s(t) at the time t is sent over an AWGN
channel the received signal r(t) is given by
r(t) = s(t) + n(t),

(2.1)

where n(t) is Gaussian noise [40]. This Gaussian noise is a random,
normally distributed variable, that can be expressed as the function
(t−µ)2
1
(2.2)
n(t) = √ exp− 2σ2 .
σ 2π
σ is the noise variable, and µ is the mean to the function of the
normal distribution [40]. Since the signals sent over the channel are
electric voltages the mean will be µ = ±1. In figure 2.2 the curve
0.7

0.6

Probabiliy density

0.5

0.4

0.3

0.2

0.1

0

−1

0
1
Channel symbol

Figure 2.2: The probability density functions for Signal-to-Noise Ratios (SNRs)
= 1.5dB, 2.0dB, 2.5dB from bottom to top.

for the probability function is given for a code with rate R = 1/2.
Equation (3.5) has been used to compute σ.
16
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2.2.2

Discrete Memoryless Channel (DMC)

In a Discrete Memoryless Channel model, the received signal at
any given time is only dependent on the transmitted signal at a
given time, and therefore the channel is called memoryless. Transition probabilities describe the different ”transformations” that may
occur during transmission of an information sequence, and are normally denoted P (j|i), 0 ≤ i ≤ M − 1, 0 ≤ j ≤ Q − 1, where i is the
transmitted symbol from the sender, and j is the received symbol
at the receiver. M is the number of possible inputs in the channel
model, and Q is the number of possible outputs from the channel
model. For example, if the input is binary, which means that M = 2,
and the output is quaternary, that is Q = 4, the channel model can
be represented by figure 2.3 [40].

Figure 2.3: An example of a Discrete Memoryless Channel with M = 2 and
Q = 4.

Each arrow in the figure shows different possible transformations,
where the decimal number connected to an arrow denotes the transition probability of this transformation. A similar example can be
found in [40]. Later, in chapter 3.4.3, the Viterbi algoritm is introduced. If the Viterbi algorithm is used over a DMC it is normally
helpful to represent the different transition probabilities in a metric
table. Computing a metric table is simply done by using the logarithm base 10 on the transition probabilities [40], resulting in figure
17
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2.4.

vl \ rl
0
1

01
-1.0
-0.52

02
-0.4
-0.7

11
-0.7
-0.4

12
-0.52
-1.0

Figure 2.4: An example of a metric table. The numbers are the logarithm base
10 to the transition probabilities shown in figure 2.3. Where vl are the sent
signals and rl are the received signals.

These metrics are used to weight the different paths in a trellis. This
will be explained later in chapter 3.4.3.
2.2.3

Binary Symmetric Channel (BSC)

In a Binary symmetric channel, or BSC, which is a special case of
a DMC where M = 2 and Q = 2, the probability of a ”1” becoming a ”0”, and ”0” becoming ”1” the same. This is an idealized
communications channel model, and probably not very likely to be
experienced often in real life. A BSC is illustrated in figure 2.5, which
shows that the probability that the correct bit is received is (1-p).
Every bit is independent of all the other bits. If the probability of
an error is known to be large, p > 1/2, the decoder could simply
swap the bits, namely ”1” to ”0”, and ”0” to ”1”.
Sender

1-p

0

Receiver
0

p

p

1

1
1-p

Figure 2.5: A Binary Symmetric Channel

2.2.4

Binary Erasure Channel (BEC)

A Binary Erasure Channel (BEC), shown in figure 2.6, has two
inputs and three outputs [53]. Two of the outputs are the same as
the input, namely, {0, 1}. The third output is {?} that can be read
as somewhere in between {0, 1}. This state can be explained in that
the demodulator of the receiver does not know how to interpret the
signal.
18
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Sender
0

2.3. SIGNAL MODULATIONS

Receiver

1-p

0
p

?
p

1

1
1-p

Figure 2.6: A Binary Erasure Channel

2.3

Signal Modulations

When data is sent over a channel, the signal has to be modulated by
some kind of waveform. This waveform has a duration of T seconds
and is able to generate the two signals s1 (t) and s2 (t) for the encoded
”1” and ”0” respectively. The simplest form of modulation is the
Binary Phase Shift Keying (BPSK) [67], where the optimum choice
of signal is
r
2Es
s1 (t) =
cos 2πf0 t, 0 ≤ t ≤ T,
(2.3a)
T
r
2Es
cos 2πf0 t, 0 ≤ t ≤ T,
(2.3b)
s2 (t) = −
T
where the frequency f0 is a multiple of 1/T and Es is the energy of
each signal [40].
To increase the bit rate, other modulations can be used [67, 40].
All these modulations have M = 2l channel signals for some l. The
signals can therefore be given by
r
2Es
cos(2πf0 t + φi ), 0 ≤ t ≤ T,
(2.4)
si (t) =
T
where φi = 2π(i − 1)/M for 1 ≤ i ≤ M . One modulation technique
that is widely used is 4-PSK2 , which has M = 4. A 4-PSK signal
constellation is shown in figure 2.7.

2 also

known as Quadrature Phase Shift Keying (QPSK).
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s4

s1

s3

s

2

Figure 2.7: A QPSK or 4-PSK signal constellation.
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Chapter 3

Coding theory
As there are plenty of good books on coding theory this chapter will
not enter deep into the science of coding theory. It will only scratch
the surface and give a short introduction in some of the areas, that
are closely related to Turbo-codes.

3.1

Hamming Distance and Hamming Weight

between two binary vectors of the same
length, is the number of positions in which the symbols in the two
vectors differ. So if the first vector is subtracted from the second
vector (modulo-2), then the number of bits which equal ”1” sum up
to the Hamming distance between the two vectors. The Hamming
distance between two vectors, r and v, is often denoted d(r, v).
The Hamming distance

The free distance (d) is a minimal Hamming distance between different encoded sequences. Convolutional codes produces a continuous
bitstream when encoding, therefore free distance can be understood
as a minimal length of an erroneous burst error at the output of a
convolutional decoder [37, 11, 24, 23]. Where a burst error is several
consecutive bits disturbed by noise.
If not stated otherwise the Hamming distance is for the rest of the
thesis referred to as distance.
The Hamming weight

is the Hamming distance of a vector from

the zero vector[45].
If not stated otherwise the Hamming weight is for the rest of the
thesis referred to as weight.
21
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Minimum distance

An important parameter of many codes, for example, block codes is
the minimum distance [40]. Let x = (x0 , x1 , · · · , xn−1 ) be a binary
vector of length n. Then the weight of x is denoted w(x). Let y =
(y0 , y1 , · · · , yn−1 ) also be a binary vector of length n. The distance
between x and y is defined as the number of places they differ and
is denoted d(x, y) = w(x + y). If a code has the set of codewords C,
the minimum distance of C is defined by
dmin , min {d(x, y) : x, y ∈ C, x 6= y} .
3.1.2

(3.1)

Error Vector

Interference can occur when a codeword is sent over a channel, as
shown in figure 3.1. This interference can be expressed as an error
vector. For example, if a sent vector v, and a received vector r, which
are both binary, are subtracted from the other, then the result, E,
will also be binary vectors [13]. This error vector represents the noise
on the channel, where E = r − v. It is preferable that the Hamming
Weight of the error vector is as small as possible.

E

v

r

Figure 3.1: The codeword sent, v ,is added with noise vector E resulting in the
received vector r.

3.2

Bit-Error Rate and Signal-to-Noise Ratio

Bit Error Rate, or BER, is defined as the probability that a decoded
infomation bit from the output of the decoder is in error[40]. This
error probability should be as low as possible given the constraints
of bandwidth and power. If a code has code rate R = k/n, it means
that the n symbols of the output codeword depend on only k bits of
the input information. The energy per transmitted symbol, normally
denoted Es , will then be a factor in the energy-per-information bit
Eb =
22
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Coded communication systems is often measured by their error probability. This error probability can be expressed in the terms of the
energy-per-information bit Eb to the to the one sided Power Spectral
Density (PSD) N0 . At the receiver the received signal can be denoted
Eb /N0 , that expresses the Signal-to-Noise Ratio (SNR). The SNR is
normally expressed in decibel (dB), that means that 10 log Eb /N0 is
the norm of expressing SNR [67]. It follows from equation (3.2) that
the SNR can be rewritten as
Es
Eb
=
.
N0
R · N0

(3.3)

For example, in an AWGN channel, discussed in section 2.2.1, is the
noise variance 2σ 2 in equation (2.2) the PSD, that means
N0 = 2σ 2 .

(3.4)

Hence, can the the noise variance for a selected SNR over an AWGN
channel be computed by [40]
σ2 =

1
.
Eb
2R N
0

(3.5)

Equation (3.5) shows that the noise variance is not only dependent of
the SNR but also the rate of the code. In chapter 6 this calculations
are used to find the noise variance for some selected SNR, where the
results are presented in chapter 7.2.

3.3

Log-likelihood algebra and probability

Most of the different iterative decoding algorithms used on turbo
codes uses log-likelihood algebra [30] in the decoding process. Therefore, is a brief introduction on the subject required.
3.3.1

Bayes’ theorem

Bayes’ theorem is one of the foundations of mathematical hypothesis testing. The theorem shows how to update variables in light of
new information, also called a posteriori information. The decoding
process of turbo-codes is iterative, which means that it is done in
several steps. This iterative process uses the likelihood information
to reconcile the difference between the two decoders. This will be
explained in more detail in chapter 4.4 on page 46. Bayes’ theorem
is of central importance to the understanding of turbo-codes.
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The theorem says:
P(A|B) =

P(B|A) P(A)
.
P(B)

(3.6)

Equation (3.6) is easily derived from the definition of conditional
probability, the probability of event A, given event B, is as follows:
P(A|B) =

P(A ∩ B)
.
P(B)

(3.7)

P(B|A) =

P(B ∩ A)
.
P(A)

(3.8)

Similarly:

(3.7) and (3.8) can then be arranged together and result in:
P(A|B) P(B) = P(A ∩ B) = P(B|A) P(A).

(3.9)

Dividing both sides by Pr(B), results in Bayes’ theorem.
P(A|B) =

P(B|A) P(A)
.
P(B)

(3.10)

The result of Bayes’ theorem can be expressed in alternative forms
if preferable, interested readers are referred to [40].
3.3.2

Log-likelihood algebra

Turbo codes use a couple of different algorithms to decode the received message. As stated earlier, a central part of these algorithms
is log-likelihood algebra [30, 63, 40]. Let a set D have the elements
{+1, −1}. For simplicity, let -1 be the null element under mod 2
addition of the exponent of (-1), denoted ⊕. The probability that
a random variable D takes the value d is denoted by PD (d). The
log-likelihood ratio (LLR) LD (d), is defined by
LD (d) = log

PD (d = +1)
.
PD (d = −1)

(3.11)

This LLR is often called the ”soft” value of the variable D. If a
random variable X influences the random variable D, then the
log-likelihood ratio is conditioned. A conditioned LLR is denoted
LD|X (d|x) which in [30] is defined by
24
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PD (d = +1|x)
PD (d = −1|x)
PD (x|d = +1)
PD (d = +1)
+ log
PD (d = −1)
PD (x|d = −1)

(3.12)

= LD (d) + LX|D (x|d).
LX|D (x|d) is the LLR obtained by measuring the output x under
the condition that d = +1 or d = −1. This measurement is normally done when the receiver receives a message that is sent over
some kind of channel. Examples of channels are given in chapter 2.2.
If two random variables d1 and d2 are statistically independent, then
the sum of their log-likelihood ratios (LLRs) will then be defined as
[64]1 :

 L(d1 )
e
+ eL(d2 )
.
(3.13)
L(d1 )  L(d2 ) , L(d1 ⊕ d2 ) = ln
1 + eL(d1 ) + eL(d2 )
This can be approximated by
≈ (−1) × sgn [L(d1 )] × sgn [L(d2 )] × min(|L(d1 )|, |L(d2 )|). (3.14)
The ⊕ sign denotes modulo-2 addition, the + sign is ordinary addition and the  denotes log-likelihood addition, which is the mathematical operation defined in equation (3.13).
sgn is the sign of the number, ie +1 or -1, and
min is the minimum of two elements. Following, the sum of two
LLRs, where one is very large or very small is then defined by
L(d)  ∞ = L(d)
L(d)  −∞ = −L(d),
respectively, and
L(d)  0 = 0.
In section 6.1 is a decoding example based on equation (3.14) given.
3.3.3

Maximum likelihood decoding (MLD)

When a decoder receives a codeword r, its task is to produce an
estimate u0 of the sent message u. Since every message u has one
1 The

calculations of the result of equation (3.13) can be found in Appendix a in [64]
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unique codeword v connected to it, the task of the decoder is to
find an estimate v 0 of the sent codeword v. Having section 3.1.2 in
mind, it should be clear that u0 = u only if v 0 = v [40]. However, if
v 0 6= v an error has clearly occurred. Using conditional probability,
described in chapter 3.3.1, to find the conditional error probability
of the decoder is then defined as
P (E|r) , P (v 0 6= v|r).

(3.15)

One then uses the probability of the event E, that in [52] is defined as
the sum of the probabilities of the outcomes in E. The probability of
the received codeword r is given by P (r), and the error probability
of the decoder is therefore
X
P (E) =
P (E|r)P (r).
(3.16)
r

In section 3.1.2 it was stated that the Hamming weight of the error
vector E should be as small as possible, equivalently to minimising
P (E). However r is produced before decoding, and is therefore independent of the decoding rule used. So minimising P (E), will also
minimise P (E|r), given in equation (3.15) [40]. Minimising (3.15) is
equivalent to maximising P (v 0 = v|r). For a given r, P (E|r) is minimised by choosing the vector v 0 as the codeword v that maximises
P (v|r) =

P (r|v)P (v)
.
P (r)

(3.17)

In a memoryless channel each received symbol depends only on the
responding sent symbol, therefore, in a DMC2 , described in chapter
2.2.2, maximising (3.17) is equivalent to maximising P (r|v), if P (v),
which means that every codeword is equally likely to occur
Y
P (r|v) =
P (ri |vi ).
(3.18)
i

A maximum likelihood decoder (MLD) chooses its estimates to maximise equation (3.18). From [2, 40] we know that log x is a monotone
increasing function of x, so maximising (3.18) is the same as maximising the log-likelihood function
X
log P (r|v) =
log P (ri |vi ).
(3.19)
i

Later in section 3.4.3 equation (3.28) defines a specialised decoding
rule for the MLD in a BSC3 model, which in that case replaces
equation (3.19).
2 Digital
3 Binary

Memoryless Channel
Symmetric Channel

26

CHAPTER 3. CODING THEORY

3.4

3.4. TYPES OF CODES

Types of Codes

Turbo codes can use two quite different types of error-control code.
This section will briefly describe the two.
3.4.1

Block codes

A block code encoder divides the information bits into blocks of k
bits. Each block then consists of a message, u = (u0 , u1 , · · · , uk−1 ).
Accordingly, the message is written in binary, {0, 1}, and the total
number of possible messages is 2k . Each message u, will then independently be transformed by the encoder into codewords, denoted
v = (v0 , v1 , · · · , vn−1 ). The encoder can use many different techniques. Interested readers can find more information about linear
block codes in[40].
Hamming code

A Hamming code is a linear error-correcting code, which can detect
and correct single-bit errors. The code can also detect double-bit
errors, but not correct them.
Let V(r, 2) denote the set of all ordered r-tuples over GF(2). One
vector in such a set is denoted x = (x1 , x2, . . . , xr ). In [49] the
Ham(16,11) extended Hamming code is presented as a block code
which can be used in Turbo Product codes. An algebraic introduction to Hamming codes can be found in [13].
Let r be a positive integer and let H be an r × (2r − 1)
matrix whose columns are the distinct non-zero vectors of V(r, 2).
The code having H as its parity-check matrix is called a binary Hamming code and is denoted by Ham(r, 2)[31].
Definition

3.4.2

Convolutional codes

Convolutional codes are a type of error-correcting code that are often
used to improve the performance of wireless digital communication
links, like radio or satellite links. They were first introduced in P.
Elias book ”Coding for Noisy Channels” in 1955[40, 19]. One important difference between convolutional codes and block codes is that
the encoder contains memory. Encoders of convolutional codes can
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also be divided into two categories, namely feedforward and feedback. In both of these categories the encoder can be systematic or
nonsystematic.
Encoding

Figure 3.2: A binary nonsystematic feedforward convolutional encoder

Figure 3.2 is based on a similar figure found in [40]. This example show how a simple convolutional encoder with rate R = 1/2
might work. The figure can be viewed as a shift register with u as
input, and v(0) and v(1) as output. The information sequence u =
(u0 , u1 , u2 , . . .) enters the encoder, one bit at the time. From the figure the reader can see that the encoder holds memory. This encoder
actually contains memory of order m = 3, which is shown by the
boxes in the figure. The circle with a plus inside XORs the bits from
the boxes. It is often easier to represent the encoder figure as generator sequences instead. From the figure the generator sequences,
g (0) and g (1) , will be:
g (0) = (1 0 1 1),
(3.20)
g (1) = (1 1 0 1),

(3.21)

g (0) and g (1) are prescribed by the connections shown in the figure.
Computing the outputs, v(0) and v(1) , is done by performing discrete
convolution, denoted ~. All the operations are modulo-2. The two
output sequences will then be denoted by the following encoding
equations:
v (0) = u ~ g (0) ,
(3.22)
v (1) = u ~ g (1) .
28
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Discrete convolution can be written as a sum of products for all
l ≥ 0, namely:
(j)

vl

=

m
X

(j)

(j)

(j)

(j)
ul−i gi = ul g0 +ul−1 g1 +· · ·+ul−m gm
, j = 0, 1. (3.24)

i=0

Let us pick a random message, namely u = (1 0 1 0 1). Thus encoding
this message can be expressed:
v (0) = (1 0 1 0 1) ~ (1 0 1 1) = (1 0 0 1 0 1 1 1),

(3.25)

v (1) = (1 0 1 0 1) ~ (1 1 0 1) = (1 1 1 0 1 0 0 1).

(3.26)

Before transmission of the two output sequences, (3.25) and (3.26),
can be concatenated to form a codeword of the form:
v = (1 1, 0 1, 0 1, 1 0, 0 1, 1 0, 1 0, 1 1).

(3.27)

It is sometimes convenient to represent the two generator sequences
by a matrix. This matrix, denoted G, is constructed by interlacing
the generator sequences, in this case g (0) and g (1) . Every interleaved
row in G will be exactly the same as the first row of G, the only
difference being a shift of length l, where l is the number of generator
sequences. So in this example each shift will be 2. The number of
rows of G will be the same as the length of the information sequence
u.
 (0) (1) (0) (1) (0) (1)
(0) (1)
g0 g0 g1 g1 g2 g2 · · ·
gm gm
(0) (1)
(0) (1)
(0)
(1)
(0) (1)

g0 g0 g1 g1 · · · gm−1 gm−1 gm gm

G=
(0) (1)
(0)
(1)
(0)
(1)
(0) (1)
g0 g0 · · · gm−2 gm−2 gm−1 gm−1 gm gm

..
...
.
The codeword can now be defined as a matrix-vector multiplication,
v = uG.


11 01 10 11


11 01 10 11



1
1
0
1
1
0
1
1
= (1 0 1 0 1) 




11 01 10 11
11 01 10 11
. = (1 1, 0 1, 0 1, 1 0, 0 1, 1 0, 1 0, 1 1) which is exactly the same
as found in (3.27).
Convolutional encoders can be constructed in many different ways.
The previous example was a code with rate R = 1/2. Other encoders
with rate 2/3 might have for instance two input sequences and three
output sequences, examples of which can be found in[40].
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have one output, v(i) , that is systematic, meaning that the output at this point is exactly the same as the input
data. Compared to figure 3.2 this means that, for example, output
v (0) is an exact copy of u unlike the case for v(0) in 3.2. The other
output v (1) should not also be a copy of u, otherwise we will simply
generate a repetition code. If, on the other hand, there were two
distinct input sequences, then for the encoder to be systematic, one
would require two systematic output sequences.
Systematic encoders

can generate the same code as
a corresponding nonsystematic feedforward encoder. However the
mapping between information sequences and codewords is different.
Figure 3.3 shows the recursive data handling in a systematic feedback encoder, where the arrow at the bottom feeds back the data
to the beginning of the encoder. The arrow at the top, which ends
in v(0) , is a systematic sequence, and therefore this encoder is systematic.

A Systematic Feedback encoder

Figure 3.3: A systematic feedback convolutional encoder

3.4.3

Decoding of Convolutional codes

A convolutional decoder can be understood as a finite state machine [52], and can therefore be represented by a trellis structure.
This trellis is constructed by the different states of the encoder. The
decoder’s task is to estimate the sequence which was really sent.
Figure 3.4 shows the trellis structure used to decode codewords sent
via a channel from the encoder shown in figure 3.2.
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000

000
00

00

Figure 3.4: Decoding trellis for the example code in figure 3.2. The arrows with
unfilled head shows the path to the sequence u = (1 0 1 0 1). The numbers
inside each node tell the state of the encoder.
Viterbi algorithm

The Viterbi algorithm, was introduced in 1967 by Andrew J. Viterbi
in ”Error Bounds for Convolutional Codes and an Asymptotically
Optimum Decoding Algorithm”[18, 40]. It is a decoding algorithm
for convolutional codes which exploits the decoding trellis. A received word r might differ from the sent codeword v. This difference
is called the error vector, denoted E. Each path through the trellis represents a received codeword, and the log-likelihood function,
log(r|v), is called the metric associated with the path of the sent
codeword, which often is denoted as M(r|v).
The algorithm is fairly simple and contains 3 steps[40, 48]:
1. Start at the left-most state of the trellis and set time t = i.
Compute and save the states survivor path and metric.
2. For each state at time, t+1, compute the metric of all incoming
paths by adding the metric of the former states survivor with
the metric for the connection path between the two nodes. For
each state compare all the metrics entering the state and select the path with the largest metric. Store this survivor path
together with its metric, and delete all other paths.
3. If t is less than the length of the information sequence, repeat
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2. If not, stop and return the survivor path.
This algorithm is in fact a maximum likelihood decoder. Using this
algorithm on the code produced by the encoder shown in 3.2 and sent
over a channel, for example a BSC4 , where the transition probability
p < 1/2 is just for simplicity. Section 3.3 says that the log-likelihood
function, first defined in (3.19) will then be:
p
+ N log(1 − p).
(3.28)
log P (r|v) = d(r, v) log
1−p
N is the length of the codeword, and d(r, v) is the Hamming disp
< 0 and N log(1 − p) is a
tance between r and v. Since log 1−p
constant for all codewords, and the channel is a BSC, the MLD,
algorithm will choose the codeword, v, that has the smallest Hamming distance from the codeword r, which is the final survivor. In
other words the path with the smallest Hamming distance, will be
the output of the decoder. The reader should notice that if another
channel had been used, which does not have the simple structure of
the BSC, then the survivor path would not necessarily be the one
with the smallest Hamming distance. It would rather be the path
with the largest metric.
When the codeword (1 0 1 0 1) is entered in figure 3.2 the result
is given in (3.27) to be v = (1 1, 0 1, 0 1, 1 0, 0 1, 1 0, 1 0, 1 1).
However, when sent over a channel the received codeword might be
modified. For example, let the received codeword be
r = (1 0, 0 1, 0 0, 1 0, 0 1, 1 0, 1 0, 1 1). Then the error vector is
E = (0 1, 0 0, 0 1, 0 0, 0 0, 0 0, 0 0, 0 0). The decoding trellis for
codeword v’ is shown in figure 3.5. In this example the error vector
E has Hamming weight 2, which means that the received codeword
has 2 errors. When receiving this message, the receiver normally
knows nothing, or little, about the sent codeword or the number of
errors. Using the Viterbi algorithm, given above, and the decision
rule given in equation (3.28), a trellis, shown in figure 3.5, can be
constructed. This trellis illustrates all possible codewords, and the
minimised Hamming distance from the received codeword r to the
path, is shown in each node. On the right hand side are the final
states of the trellis. The node with the smallest Hamming Weight is
chosen as the surviving path, hence the selected ”correct” codeword.
The ”00” state in the trellis, shown as the bottom line, is a state
where the encoder registers are all zero. When encoding a message
an encoder is normally empty, and therefore starts and ends the decoder always in the ”00” state. The ”correct” codeword should also
4 BSC

was described in chapter 2.2.3
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00

7

8

Figure 3.5: Decoding trellis with the Hamming weights inside each node. Paths
that survive has arrows with unfilled heads. The final surviving path is marked
in red.

end in the ”00” state. However, a long codeword can enter the ”00”
state through its way to the final node in its path.
The Viterbi algorithm can not directly be used in turbo codes since
the algorithm output is hard decisions. However, after some adjustments the algorithm uses soft input and returns soft output, this
algorithm is called SOVA and are discussed in section 4.5.2.
BCJR algorithm

The BCJR algorithm was discovered by Bahl, Cocke, Jelinek and
Raviv and first presented in [5] in 1974. This algorithm is more complex than the previous Viterbi algorithm. However, in Turbo Codes
the BCJR algorithm, also called Maximum A Posteriori Probability
(MAP), is quite important, because this algorithm is able to yield
the A Posteriori Probability (APP) for each decoded bit. The difference between the Viterbi algorithm and the BCJR algorithm is that
the Viterbi algorithm finds the most probable information sequence
that was sent, whilst the BCJR algorithm finds the most probable
information bit to have been sent given the encoded sequence. When
Turbo codes were first discovered in [10] in 1993, the decoding algorithm presented was a modified Bahl algorithm, which is exactly the
same as a modified BCJR algorithm. This modified version had a
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recursive character to make it practical for Turbo Codes, which will
be explained in chapter 4.5.1. However, now the original version will
be presented. The BCJR decoder receives a sequence with transmitted data r and the a priori log-likelihood ratios of the information
bits La (ul ), l = 0, 1, · · · , h − 1. h is the block length of the sequence
u. For example, figure 2.4 shows a table of transition probabilities
P (rl |vl ), where vl denotes the transmitted symbol at index l and rl
is the received symbol. Using this data the algorithm calculates the
a posteriori LLRs (APP LLRs) for each information bit


P (ul = +1|r)
.
(3.29)
L(ul ) ≡ ln
P (ul = −1|r)
The decoder output is given by hard decisions of the resulting estimated values û, where
(
+1 if L(ul ) > 0
ûl =
, l = 0, 1, · · · , h − 1.
(3.30)
−1 if L(ul ) < 0
Equation (3.29) can be reformulated after several steps5 to
)
(P
0
(s0 ,s)∈Sl+ p(sl = s , sl+1 = s, r)
,
(3.31)
L(ul ) = ln P
0
(s0 ,s)∈S − p(sl = s , sl+1 = s, r)
l

where p is the probability density function and s is some state in the
trellis. The set Sl+ denotes the set of all state pairs sl = s0 , sl+1 = s
in the trellis, that correspond to the input bit ul = +1 at time l, and
the set Sl. will be all the pairs corresponding with ul = −1. Further
the probability density function can be evaluated recursively by
p(s0 , s, r) = p(s0 , s, rt<l , rl , rt>l ),

(3.32)

where rl represents the portion of the received sequence at time l,
and rt<l and rt>l represents the portion received, before and after
time l, respectively. Then after using Bayes’ rule given in 3.3.1
p(s0 , s, r) = p(rt>l |s0 , s, rt<l , rl )p(s0 , s, rt<l , rl )
= p(rt>l |s0 , s, rt<l , rl )p(s, rl |s0 , rt<l )p(s0 , rt<l ) (3.33)
= p(rt>l |s)p(s, rl |s0 )p(s0 , rt<l ).
The last equality is then split in to three parts, as follows
αl (s0 ) ≡ p(s0 , rt<l )
γl (s0 , s) ≡ p(s, rl |s0 )
βl+1 (s) ≡ p(rt>l |s).
5 Not

reproduced here. Interested readers should read [5, 40]
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Equation (3.33) can then be rewritten as
p(s0 , s, r) = βl+1 (s)γl (s0 , s)αl (s0 ).

(3.37)

The forward metric αl+1 (s) can be derived from equation (3.34), and
this forward recursion is defined as
X
αl+1 (s) =
γl (s0 , s)αl (s0 ),
(3.38)
s0 ∈σl

where σl is the set of all states at time l, and the backward metric
for βl (s0 ) can in a similar way be defined as
X
βl (s0 ) =
γl (s0 , s)βl+s (s).
(3.39)
s∈σl+1

Then the branch metric γl (s0 , s) be defined as
γl (s0 , s) = P (ul )p(rl |vl ).

(3.40)

which after some modification steps can be written as
2

γl (s0 , s) = P (ul )e−Es /N0 krl −vl k ,

(3.41)

where k rl − vl k2 is the Euclidean distance between the received rl
and the transmitted vl . Es /N0 is the Signal to Noise Ratio (SNR).
The initial conditions for α0 (s) and βK (s), where K = h + m6 is the
length of the input sequence u, is defined by
(
1, s = 0
α0 (s) =
,
(3.42)
0, s 6= 0
and

(
1, s = 0
βK (s) =
0, s 6= 0

.

(3.43)

Finally the algorithm be given
BCJR Algorithm

1. Set the forward and backward metrics according to equation
(3.42) and (3.43), respectively.
2. Use equation (3.40) to compute the branch metrics γl∗ (s0 , s),
l = 0, 1, · · · , K − 1.
6m

was defined in section 3.4.2 as the memory of the encoder.
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3. Use equation (3.38) to compute the forward metrics αl+1
(s),
l = 0, 1, · · · , K − 1.

4. Use equation (3.39) to compute the backward metrics βl∗ (s0 ),
l = K − 1, K − 2 · · · , 0.
5. By using equation (3.31) compute the APP log-likelihood ratios
L(ul ) for l = 0, 1, · · · , h − 1.
6. Finally use equation (3.30) to compute the hard decisions ûl ,
l = 0, 1, · · · , h − 1.
Now a codeword encoded with the encoder shown in figure 3.7 is
sent over a channel, in this example a DMC7 , with the transition
probabilities given in figure 3.6.

vl \ rl
0
1

01
0.1
0.3

02
0.4
0.2

11
0.2
0.4

12
0.3
0.1

Figure 3.6: The transition probabilities for the DMC illustrated in figure 2.3

Apply the BCJR algorithm on the received codeword
v(0)

+

u

v(1)

+
Figure 3.7: Convolutional encoder with memory m = 2.

r = (12 11 , 11 01 , 12 01 , 12 11 ),
where the information bits have the probabilities
(
3/4, l = 0, 1, · · · , 3
P (ul = 0) =
1,
l = 4.
7 Discrete

Memoryless Channel. Explained in section 2.2.2
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S3
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S1

S1
01

01

S2

S2
11
11

S0

r=(

11

11

S0
00

1211

S0
00

11 0 1

S0

00

S0

00

00

12 1 1 )

1201

Figure 3.8: BCJR trellis with length K = 4.

Start at step 2. in the algorithm, since step 1. is an implementation
step. Firstly we compute the branch metrics. Since the channel is a
DMC, the branch metrics can be computed by using equation (3.40)

γ0 (S0 , S0 ) = P (u0 = 0)P (12 11 |00) = (3/4)P (12 |0)P (11 |0)
= (3/4)(0.3)(0.2) = 0.045
γ0 (S0 , S1 ) = P (u0 = 1)P (12 11 |11) = (3/4)P (12 |1)P (11 |1)
= (1/4)(0.1)(0.4) = 0.01.
(3.46)
Branch metrics for γ1

γ1 (S0 , S0 ) = P (u0 = 0)P (11 01 |00) = (3/4)(0.2)(0.1) = 0.015
γ1 (S0 , S1 ) = P (u0 = 1)P (11 01 |11) = (1/4)(0.4)(0.3) = 0.03
γ1 (S1 , S2 ) = P (u0 = 0)P (11 01 |01) = (3/4)(0.2)(0.3) = 0.045
γ1 (S1 , S3 ) = P (u0 = 1)P (11 01 |10) = (1/4)(0.4)(0.1) = 0.01.
(3.47)
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Branch metrics for γ2
γ2 (S0 , S0 ) = P (u0 = 0)P (12 01 |00) = (1)(0.3)(0.1) = 0.03
γ2 (S2 , S0 ) = P (u0 = 0)P (12 01 |11) = (1)(0.1)(0.3) = 0.03
γ2 (S1 , S2 ) = P (u0 = 0)P (12 01 |01) = (1)(0.3)(0.3) = 0.09
γ2 (S3 , S2 ) = P (u0 = 0)P (12 01 |10) = (1)(0.1)(0.1) = 0.01.
(3.48)
Branch metrics for γ3
γ3 (S0 , S0 ) = P (u0 = 0)P (12 11 |00) = (1)(0.3)(0.2) = 0.06
γ3 (S2 , S0 ) = P (u0 = 0)P (12 11 |11) = (1)(0.1)(0.4) = 0.04.
(3.49)
Further, the α1 will be
α1 (S0 ) = γ0 (S0 , S0 )α0 (S0 ) = (0.045)(1) = 0.045
(3.50)
α1 (S1 ) = γ0 (S0 , S1 )α0 (S0 ) = (0.01)(1) = 0.01.
One can normalise the forward metrics in the following way to avoid
numerical precision problems, since the metric results are relatively
small
A1 (S0 ) = α1 (S0 )/(α1 (S0 ) + α1 (S1 ))
= (0.045)/((0.045) + (0.01)) = 0.8181
(3.51)
A1 (S1 ) = α1 (S1 )/(α1 (S0 ) + α1 (S1 ))
= (0.01)/((0.045) + (0.01)) = 0.1818.
The backward metrics
β3 (S0 ) = γ3 (S0 , S0 )β4 (S0 ) = (0.06)(1) = 0.06
(3.52)
β3 (S2 ) = γ3 (S2 , S0 )β4 (S0 ) = (0.04)(1) = 0.04,
can also be normalised
B3 (S0 ) = β3 (S0 )/(β3 (S0 ) + β3 (S0 ))
= (0.06)/((0.06) + (0.04)) = 0.6
(3.53)
B3 (S2 ) = β3 (S2 )/(β3 (S2 ) + β3 (S0 ))
= (0.04)/((0.06) + (0.04)) = 0.4.
The rest of the normalised metrics are shown in figure 3.8 The final
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Figure 3.9: Trellis with the normalised forward metrics.
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0.9712

0.2368
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Figure 3.10: Trellis with the normalised backward metrics.

APP log-likelihood ratios will then be calculated by using equation
(3.31), where the result is mapped according to equation (3.30)

L(u0 ) = ln

P (s0 = S0 , s1 = S1 , r)
P (s0 = S0 , s1 = S0 , r)






B1 (S1 )γ0 (S0 , S1 )A0 (S0 )
= ln
B1 (S0 )γ0 (S0 , S0 )A0 (S0 )


(0.0288)(0.01)(1)
= ln
= −5.022,
(0.9712)(0.045)(1)
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P (s1 = S0 , s2 = S1 , r) + P (s1 = S1 , s2 = S3 , r)
P (s1 = S0 , s2 = S0 , r) + P (s1 = S1 , s2 = S2 , r)



B2 (S1 )γ1 (S0 , S1 )A1 (S0 ) + B2 (S3 )γ1 (S1 , S3 )A1 (S1 )
B2 (S0 )γ1 (S0 , S0 )A1 (S0 ) + B2 (S2 )γ1 (S1 , S2 )A1 (S1 )

L(u1 ) = ln

= ln






(0.4737)(0.03)(0.8181) + (0.0526)(0.01)(0.1818)
= ln
(0.2368)(0.015)(0.8181) + (0.2368)(0.045)(0.1818)
= 0.884.
(3.55)
From figure 3.8 and the fact that the encoder is feedforward, the
APP log-likelihood values to L(u2 ) and L(u3 ) can be ignored, since
they are termination bits which are known to be zero. This results
in the decoded message û = (û0 , û1 ) = (0, 1).


Like the Viterbi algorithm the BCJR algorithm can not be used
for turbo decoding, but some modifications makes it capable of decoding turbo codes. On of the methods of modifying this algorithm
is explained in section 4.5.1.
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Chapter 4

Turbo-codes
Coding a message can be done in several ways. Most methods add
some sort of parity to the original codeword. The parity bits then
serve to strengthen every bit in the codeword against bit errors. For
example the codeword 1010 could be coded in the following simple
way: the first and the second bits are added together mod two, and
the third and fourth bits are added together. Then the resulting
codeword will be: 101011. If a bit error occurred so that the receiver
receives 101111 instead of the correct codeword, then the receiver
can easily verify that an error has occurred.
However, this code is not able to correct the error. Therefore the
receiver has to ask for retransmission which also has to be verified
and this might be very time consuming, especially in a noisy environment. Thus, in particular for long distance transmissions like
deep-space communication1 , error correcting codes are preferred.

4.1

Shannon limit

For years the Shannon limit was regarded as a theoretical limit that
was impossible to reach. Nevertheless, when Turbo-codes together
with LDPC2 were discovered, they both came close in approaching
the Shannon limit.
The Shannon limit was derived by Claude Shannon in 1948[12].
He discovered that there is a theoretical limit of maximum possible
information transfer rate over a noisy channel with interference and
data corruption. Thus, Shannon proved that there is a maximum
1 Or

in other time dependent data communication
Parity-Check codes [22, 40, 38]

2 Low-Density
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amount of information that can be transmitted in a fixed number
of bits. The theory does not say anything about how to construct
these codes, it only tells us how good the best possible code can be.
Therefore, given a noisy channel with information capacity, C, and
information transmitted at a rate R, then as long R < C there exists
a coding method that allows the error at the receiver to be made
arbitrarily small. Theoretically it is therefore possible to transmit
information almost without error up to a limit of C bits per second.
If the sender tries to send more information beyond the channel
capacity, then the receiver will not receive any extra useful information.
The channel capacity, C, is expressed by the following equation:
S
)
(4.1)
N
B is the bandwidth of the channel, S is the total power over the
bandwidth and N is the total noise power over the bandwidth.
C = B log2 (1 +

4.2

Encoding

Turbo-codes can be coded in different ways, but can be summarised
by figure 4.1. Here the scheme starts with the information, u, or
message, that is to be sent. U is sent through encoder 1 and u is
also interleaved3 , which often is denoted by π, and the result, u’,
is sent through encoder 2. Encoder 1 and encoder 2 are normally
identical, the reason their output is different is totally dependent on
the interleaving. The information, u or v0 , is together with the result
from encoder 1, v1 , and the result from encoder 2, v2 , concatenated.
Accordingly some encoders puncture4 the result and the result or
codeword can then be sent over a channel.
As mentioned earlier, turbo-codes can be coded in different ways.
One of the methods is called convolutional coding and this method
was described in the early days of turbo-codes[10].
4.2.1

Product-code

Turbo product codes (TPC) are normally built from smaller code
word blocks. In section 3.4.1 is was mentioned that an example of
such a code was the (16, 11) extended Hamming code given in [49].
3 will
4 will

be explained in more detail in 4.3
be explained in more detail in 4.4
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v0

message, u

Encoder 1

u’
Interleaver

v1

v2
Encoder 2

Figure 4.1: The encoding scheme of turbo-codes

I
I
PV

I
I
PV

PH
PH
PV H

Figure 4.2: A turbo product code (TPC).

The (16, 11) denotes that the code takes 11 information bits and
encodes this information by computing 5 parity bits, which are appended to the information bits. A TPC will encode a block of codewords by first computing the parity bits row by row and by then appending the parity bits to each row, also called horizontal encoding.
Then the parity bits are computed column by column and are then
appended to the column, which is called vertical encoding. These
two blocks of parity bits are then used as input for the parity on the
parity, that is parity bits depending on both vertical and horizontal
parity bits. A small example is given in figure 4.2, where I denotes
information bits and P denotes parity bits. This encoding scheme
which is in two dimensions can also be extended to three dimensions [49]. Results in [49] state that a product code uses less energy
and gives higher data rates than a rate R=1/2 convolutional code.
Chapter 6 presents an example of a simple product-code, where the
parity on parity bits are not computed.
4.2.2

Convolutional codes

Normally in Turbo Codes, two Recursive Systematic Convolutional
(RSC) codes are used [10]. These two codes are concatenated and
then sent over a channel. Figure 4.1 shows a code with rate R = 1/3.
This can be constructed by concatenating two RSC codes with rate
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R = 1/2, where the last encoder, which is interleaved, ignores the
systematic bits. The two encoders can, for example, be like the one
shown in figure 3.3, which is a rate R = 1/3 encoder. They are
normally, for simplicity, the same encoder. However, this is not a
necessity.
One important remark on RSC are that since they are recursive,
the encoder will not return to the all zero state by adding a tail of
all zero. Instead the current context of the encoder has to be appended in the tail. Figure 5.6 illustrates how this tail is appended
by the dotted lines.
Later, in section 5.2 we will look into Nonsystematic (NSC) Turbo
codes.

4.3

Interleaving

Interleaving is merely just a rearranging of the data, or to be more
precise, a rearranging of the order in which the data is read. For
example, as presented in 6.1, the four bits of data are arranged
in a 2 x 2 matrix before the data is first encoded rowwise, and
then encoded columnwise. This type of swapping is a simple form
of interleaving and is called block interleaving.

4.3.1

Why interleave?

The main point of interleaving is to protect the data from burst
errors. This can be explained by seeing the interleaving step as a
temporal permutation of bits. If n errors occurs on n consecutive
bits in an uninterleaved code segment, then the errors will be spread
over the entire block on the interleaved code segment as illustrated
in figure 4.3. So what the interleaver really does is to increase the free
distance to the concatenated code [43]. The free distance in Turbo
codes can be understood as the minimum Hamming distance of a
code. Spectral thinning is a process that has been shown to reduce
the number of low-weight codewords and has therefore an impact
on the minimum distance of the code [47]. Different approaches to
increase and find the free distance of Turbo codes are given in [11, 24,
23]. Different methods of interleaving will be the subject of section
5.1.
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Figure 4.3: How interleaving disperses the errors burst.

4.4

Puncturing

Puncturing systematically removes some of the parity bits after encoding. This is, for example, applied to constituent codes. Both
encoders might want to send the information. This repetition is
inefficient so one encoder may puncture its information bits. The
information bits in say, the second encoder are therefore ignored,
and the rate of the code is increased.
For example, if the output v0 from the encoder, illustrated in figure
4.1, is ”abc”, v1 is ”abcde” and v2 is ”cbafg”. Here ”abc” is sent
three times, which is a waste of energy and time. Puncturing should
therefore be used and the result might then be ”abcdefg”.
A example of puncturing patterns is given in table 5.1.

4.5

Decoding

The decoding schemes of Turbo-codes can, in short, be described
by figure 4.4, and the reader should recall the coding scheme shown
in figure 4.1. In the figure the data is derived in different parts, v0 ’
is the message part, v1 ’ is the data from the first encoder and v2 ’
is the data from the second encoder. Variables are marked with a
’ since the data sent from the encoder is not necessarily the same
as the received data due to introduction of channel errors. The two
decoders are normally similar, however since the encoded data has
been interleaved, the data between the two encoders has to be repeatedly deinterleaved and interleaved to match its associated encoder. Accordingly the output from the first decoder is sent to the
second decoder, which then uses this data in it’s estimate of the
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codeword. This data is then sent back to the first encoder. This iterative method normally runs at least six times before the estimate
is so good that the decoder is certain to have found the correct
codeword, or in other words, the result converges to a codeword.
However the method can also experience divergence, and will then
not terminate if there is no limit to the maximum number of iterations allowed. Results that are sent between the decoders are called
soft decisions, and are real number estimates between, for example,
{−7, +7}. Depending on the implementation these numbers can be
{−∞, +∞}. Returning to the example, a soft decision of -7 will be
interpreted as a certain 0, and a soft decision of +7 will be a certain
1. A soft decision of -1 will most probably be a 0, but this is uncertain and more iterations will be preferable. If the soft decision is 0,
the number can be either 0 or 1 and further iterations are required.
When the final decision is made the result is called a hard decision.
It should also be noticed that if the data sent from the encoder
was punctured, then the receiver has to take this into account. This
is normally done in DEMUX operations before the decoding takes
place. Since puncturing systematically removes bits, the DEMUX
systematically inserts bits.
There are several ways to decode a turbo code. [70] describes four different algorithm, namely the MAP, Log-MAP, Max-Log-MAP and
the SOVA algorithm. A modified SOVA algorithm described in [20]
is proposed to be equivalent to the Max-Log-MAP algorithm. In
this thesis only the Log-MAP and the SOVA algorithm are briefly
described.

v0’
Soft decisions
Decoder 1

Decoder 2

Interleaved

v1’

Soft decisions
Deinterleaved
Deinterleaved

v2’

Hard decisions

Figure 4.4: The decoding scheme of turbo-codes
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Log-MAP Algorithm

Logarithmic Maximum A-posteriori Probability (Log-MAP), is a
modified version of the BCJR algorithm described in section 3.4.3.
Log-MAP decoding is usually used with systematic encoders since
the first estimate of the real value ul is the received systematic data
v0 .
The Log-MAP algorithm was first introduced in [51] as a modified version of the Max-Log-MAP algorithm. Further, the Max-LogMAP algorithm is a simplified version of the MAP algorithm [70].
In the MAP algorithm the a posteriori LLRs are computed by using
equation (3.31), where the probabilities are replaced with equation
(3.37) together with the equations (3.38), (3.39) and (3.40).
Simplifying these equations is then done by transferring them into
the log arithmetic domain and using the approximation
!
X
xi
ln
e
= max(xi )
(4.2)
i

i

maxi (xi ) is the maximum value of xi . Then, Al (s), Bl (s) and Γl (s0 , s)
are, after using the definitions given in equations (3.38), (3.39) and
(3.40), defined by
Al+1 (s) , ln(αl+1 (s)) ≈ max
(Al (s0 ) + Γl (s0 , s))
0

(4.3)

Bl (s0 ) , ln(βl (s0 )) ≈ max(Bl+1 (s) + Γl (s0 , s))

(4.4)

s

s

and

ul La (ul ) Lc rl · vl
+
,
(4.5)
2
2
where La is the a priori log-likelihood values to the sent information
bits. vl is the sent bit, rl is the received bit and Lc is the channel
reliability factor. The computation of these equations can be found
in [70, 51, 58, 40].
Γl (s0 , s) , ln(γl (s0 , s)) =

Since the approximation in equation (4.2) yields an inferior softoutput compared to the MAP algorithm, the Log-MAP algorithm
uses the Jacobian logarithm to fix this problem [70, 51].
ln(eδ1 + eδ2 ) = max(δ1 , δ2 ) + ln(1 + e−|δ2 −δ1 | )

(4.6)

When equation (4.3) and (4.4) use equation (4.6) instead of (4.2)
the algorithm is called Log-MAP.
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4.5.2

Soft-Output Viterbi Algorithm (SOVA)

Soft Decision Viterbi Decoding, or SOVA for short, was first presented in [29] and is a decoding technique that is similar to the
Viterbi algorithm given in section 3.4.3. There are two differences
between the Viterbi algorithm and the SOVA [70]. First, the path
metrics are modified to use a priori information when deciding the
path through the trellis that is most likely. Second, the soft output
has reliability information about the decoded output [40]. This reliability information is the a posteriori log-likelihood ratios. These
kind of decoders are also called Soft-In Soft-Out (SISO) decoders.
Consider a trellis, similar to the one shown in figure 3.4. As said earlier, every path through this trellis represents different codewords.
All these paths can be divided into states that are connected by an
edge to one or two other states in the same path. Each of these states
has a metric that denotes the ”probability” of the surviving path
going through their state. This metric M (sl ) depends on the metric
to the previous state M (s0l−1 ) in the path and the metric to the edge,
γl (s0 , s)5 between them, like in the original Viterbi algorithm. The
metric is now defined by
M (sl ) , M (s0l−1 ) + ln(γl (s0 , s))

(4.7)

In a binary trellis all states will have two incoming edges. Since the
trellis starts and ends in the all zero state the starting states will
have one, or none incoming edges, because the rest of the states are
unreachable and therefore ignored. Anyway, when two paths enter a
state, their metrics are computed, and are then compared, and the
largest metric M (sl ) is selected, while the other M (ŝl ) is discarded.
The difference between these two metrics is
∆l = M (sl ) − M (ŝl ) ≥ 0

(4.8)

which is the log-likelihood ratio of the selected metric being the correct decision [70]. It is shown in [27] that the log-likelihood ratio of
the information bit ul given the received bit rl can be approximated
by
L(ul |rl ) ≈ ul · min (∆i )
(4.9)
i=l,··· ,l+δ

where δ is a number of states after l. The SOVA algorithm follows
the same steps as the algorithm given in section 3.4.3. However, the
soft input and output is computed by the equations above to find
the most likely path. When the most likely path has been found the
5 Defined

in equation (3.35)
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hard decisions are computed by using equation (3.30).
[51] showed that the SOVA algorithm is half as complex as the
Max-Log-MAP algorithm, but it is also not nearly as accurate.
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Chapter 5

New Research in Turbo
Codes
Turbo codes were first presented in [10] in 1993. Since then research
into Turbo codes has grown drastically. The modified BAHL1 algorithm was the first decoding algorithm presented for Turbo codes.
Later it was discovered that the SOVA algorithm, see chapter 4.5.2,
which is a modified version of the Viterbi algorithm, could be used in
the decoding of Turbo codes. The chapter will briefly present some
of the research done on turbo codes the last five years. It should be
noted that some sections do not contain new research but explain
some of the foundations to the newer research.
The most important current applications of Turbo codes are for
space communication and mobile communication. Turbo codes are
also used in a standard for Digital Video Broadcasting (DVB) [16].
The last section in this chapter discusses the use of turbo codes
in a new type of correlation attacks. This knowledge is older than
five years, but is included to show that turbo codes are used in
different contexts.

5.1

Interleaving

As stated earlier, interleaving has a large influence on the free distance2 in a turbo code [66, 43, 71], which lowers the error floor of
the code [21]. When the BER to a turbo code is plotted depending on the noise, the resulting curve is shaped like a waterfall that
1 The

BAHL algorithm, or the BCJR algorithm was explained in section 3.4.3
in section 3.1.

2 Explained
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suddenly flattens. This part of the curve is called the error floor. A
BER curve for a turbo code is shown in figure 5.1. The error floor
phenomenom is due to the weight distribution of turbo codes [40],
or more precisely, since it is a fact that turbo codes normally do
not have large minimum distances the performance curve flattens
out at BERs below 10−5 . Because of this it follows that lowering
the error floor results in better codes, which in some cases may result in faster convergence when decoding [21]. One effective way of
Waterfall region and Error floor.
1
Waterfall

0.1

BER

0.01

0.001

1e-04

1e-05
0

0.2

0.4

0.6

0.8

1

1.2

1.4

Eb/N0

Figure 5.1: A BER curve showing the waterfall region and the error floor.

lowering the error floor is to use appropriate interleavers. This is of
course the reason for the large amount of research done in this area.
Interleavers can be divided into two main classes, namely, random
interleavers and deterministic interleavers [65]. Random interleavers
often permute the information bits pseudorandomly, which means
that they are not random, they just appear to be. However, they
may contain some elements of randomness, and are therefore called
random interleavers. An example of an improved random interleaver
is the S-random interleaver discussed in [21, 14]. Deterministic interleavers on the other hand permute the information bits in an
arranged manner. These interleavers can actually perform better
than random ones when the sequence length is short [65]. Block
interleavers are examples of deterministic interleavers.
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S-Random interleavers

Semi-random interleavers, or S-random interleavers proposed in [15]
in 1995, are pseudorandom interleavers with a restriction on the randomness. This restriction says that no two input positions within a
distance S, can be permuted to two output positions within a distance S [65]. In this way the code is better protected against short
burst errors 3 . Since these successive bits in the original sequence
are spread over a larger output sequence by the interleaver, they will
not be mapped to short burst errors in the interleaved sequence.
Further improvements of the S-random interleaver were proposed in
[21]. These improvements were the two-step S-random interleavers
which when used with short sequence size perform better than the
S-random interleaver. The two-step S-random interleaver has the
same constraint as the original S-random interleaver, namely that,
for some randomly selected position, i cannot be mapped to f (i) if
there exists a j such that the following conditions are met
0 < i − j ≤ S1 , |f (i) − f (j)| ≤ S2 .

(5.1)

In addition the two-step interleaver has more constraints. Some randomly selected position i cannot be mapped to f (i) if there exists
j, k, l < i such that the following conditions are met
0 < i − j ≤ T1 ,

|f (i) − f (k)| ≤ T2 ,
(5.2)

0 < |k − l| ≤ T1 , |f (j) − f (l)| ≤ T2 .
This constraint protects against two independent burst errors. Further, this method can be used for three independent burst errors and
so on, however, this leads to increased complexity [21]. It should also
be noted that the given method can not guarantee the existence of
an interleaver with the given constraints.
5.1.2

Quadratic interleavers

Quadratic interleavers are a type of deterministic interleaver [65, 57]
proposed in 2000 in [66]. They have a very simple representation
based on quadratic congruence such that it can be shown for N = 2n
that
k · i(i + 1)
(mod N )
(5.3)
ci =
2
is a permutation, where i ∈ {0, 1 . . . , N − 1} and k an odd constant.
The interleaver mapping is in [66] given as an algorithm
3 Defined

in section 3.1.
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1. Compute c0 = 0
2. Compute ci ≡ cm−1 + k · i(mod N ), for i ∈ {0, 1 . . . , N − 1},
and k is an odd constant.
For example, an interleaver with N = 8 and k = 1 will have an
unique 8-cycle that can be computed by the given algorithm, or by
using equation (5.3). This cycle will in either case be (0, 1, 3, 6, 2, 7, 5, 4).
Then this cycle can be used as input in the index mapping function
DN :CN : ci 7→ ci+1 (mod N ), i ∈ {0, 1 . . . , N − 1} .

(5.4)

The interleaver, or permutation vector then becomes [1, 3, 7, 6, 0, 4, 2, 5].
An extension of this scheme was also proposed in [66], where the
result of equation (5.4) is shifted cyclically by h units, then each
element is added by a constant v(mod N ).
The performance of these deterministic interleavers is better than
random interleavers in the error floor region [66], and the performance in the waterfall region is similar to the performance of the
random interleavers.
5.1.3

Permutation polynomials

Another type of deterministic interleaver is based on permutation
polynomials over the ring of integers modulo N . A ring of integers
modulo N is denoted ZN [65]. The permutation polynomial has to
be of the form
P (x) = a0 + a1 x + a2 x2 + · · · + am xm

(5.5)

where m is a small positive integer, and ai > 0, for all
i ∈ {0, 1, . . . , m}. For now we only consider the case N = 2n . This
polynomial must satisfy the following three conditions to be a permutation polynomial over the integer ring Z2n
1. a1 is odd,
2. a2 + a4 + a6 + · · · is even,
3. a3 + a5 + a7 + · · · is even.
For example, the chosen polynomial P (x) = 2x3 + 2x2 + x + 1 satisfies the conditions given above, and is therefore a permutation
polynomial. The derivative of the polynomial P (x) is defined as
P 0 (x) = a1 + 2a2 x + 3a3 x2 + · · · + mam xm−1
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For n = 3 we get N = 23 = 8, that means that a sequence
{0, 1, 2, . . . , 7} should be permuted by the chosen polynomial P (x).
The permutation will then become as shown in equation (5.7)
P (0) =
P (1) =
P (2) =
P (3) =
P (4) =
P (5) =
P (6) =
P (7) =

1
6
27
76
165
306
511
792

mod
mod
mod
mod
mod
mod
mod
mod

8
8
8
8
8
8
8
8

=1
=6
=3
=4
=5
=2
=7
=0

(5.7)

This permutation can, for example, be used as an interleaver function in a small turbo code. In [65] this method is, with some additional constraints, extended for N = pn , where p is any prime
number.
Finding good polynomials

Different permutation polynomials lead to different performance of
the interleaver. An interesting task is to find the best permutation
polynomial for a given code. In this task there are aspects that have
to be considered. First of all the interleaver functions constructed
by permutation polynomials can be seen as an arithmetic operation
rather than a lookup table, which normally is the case in a random
interleaver. Taking this into account the permutation polynomial
should have the lowest possible complexity [65]. Different permutation polynomials also have different free distance. As mentioned
earlier, the free distance has a large impact on lowering the error
floor. Finding this free distance, however, can be difficult when using interleavers constructed by permutation polynomials. Therefore,
the effective free distance, def , which is defined as the minimum distance associated with an input error event of weight 2, used as one
of the design criteria to find good interleavers [65].
Interleavers with small effective free distance are usually associated
with bad performance, so they can be ruled out when searching for
good interleavers. This does not mean that interleavers with large
effective free distance can guarantee good performance [65]. A short
error event of weight 2 should not be mapped to another short error
event of weight 2 in the interleaved code. Therefore, similar to the
constraint in the S-random interleaver there should be restrictions
on the mapping in the interleaver to avoid this.
55

5.1. INTERLEAVING

CHAPTER 5. NEW RESEARCH IN TURBO CODES

Given two bit positions (x, x + t), for some t, the two will be interleaved by the permutation polynomial to π(x) and π(x + t) respectively. The distance between them is given by t. After interleaving,
however, the distance is denoted by
∆(x, t) = π(x + t) − π(x)

mod N.

(5.8)

For simplicity we restrict our search of good permutation polynomials to polynomials of second degree4 . A polynomial of the form
P (x) = bx2 + ax is a permutation polynomial over Zpn if and only
if a 6= 0 and b = 0 mod p, for some prime number p, and satisfies the condition that P 0 (x) 6= 0 mod p for all integers x ∈ Zpn .
When using a systematic recursive convolutional encoder, a cycle
of length τ is defined as the cycle of the output of the encoded
input sequence [1, 0, 0, 0, . . .]. If this output then, for example, is
[1, 1, 0, 1, 1, 0, 1, 1, 0, 1, . . .], the cycle [1, 0, 1] has a cycle length of
τ = 3 [65].
Let t + 1 be the length of the error event with weight 2 in the
first encoder, where t is a small multiple of the cycle with length τ .
The order of t is denoted ot . The length of the error event in the
second encoder is then given by
∆(x, t) = P (x + t) − P (x) = 2btx + bt2 + at,

(5.9)

where the coefficient of x is c1 = 2bt. The property that if z = xy
then the order is oz = ox +oy gives that the order of theQcoefficient is
npi
given by oc1 = o2 +ob +ot . The order of N , where N = m
is in
i=1 pi
[65] defined to be the vector oN = [np1 , np2 , . . . , npm ]. The distance
of ∆(x, t) to zero is expressed by
s = ±∆(x, t)

o

mod pNc1

= ±(bt2 + at)

o

(5.10)

mod pNc1 .

For a code with a, b, and τ the effective free distance can be computed from [65]
La,b,τ = min(|t| + |s|).
(5.11)
When selecting a and b the best approach described in [65] is for a
given τ , to fix ob and calculate equation (5.11), and then select good
parameters.
4 The constant term given as a in equation (5.5) can be ignored since it only causes a
0
cyclic shift to the permuted values [57].
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Quadratic Inverses

Decoding turbo codes that have been interleaved with permutation
polynomials can be done in the same way that other turbo codes
are decoded. However, the procedure of deinterleaving can be a demanding task, and therefore the idea of using quadratic permutation
polynomials with an ”inverse” has been proposed [57].
A permutation polynomial H(x) = h1 x + h2 x2 mod p, where p = 2
and h1 + h2 is odd, is a quadratic permutation polynomial [57]. If a
quadratic permutation polynomial is of the form F (x) = f1 x + f2 x2
mod N there exists, according to [57], at least one quadratic polynomial G(x) = g1 x+g2 x2 mod N that inverts F (x) at x = 0, 1, 2. This
polynomial is found if N is odd, by solving the linear congruences
g2 (f1 + f2 )(f1 + 2f2 )(f1 + 3f2 ) ≡ −f2
g1 (f1 + f2 ) + g2 (f1 + f2 )2 ≡ 1

mod N.

mod N.

(5.12a)
(5.12b)

If, on the other hand, N is even there are two quadratic polynomials
G1 (x) = g1,1 x + g1,2 x2 mod N, G2 (x) = g2,1 x0g2,2 x2 mod N , which
can be found by solving the linear congruences
g1,2 (f1 + f2 )(f1 + 2f2 )(f1 + 3f2 ) ≡ −f2
g1,1 (f1 + f2 ) + g1,2 (f1 + f2 )2 ≡ 1

mod

mod N.

N
.
2

(5.13a)
(5.13b)

When (g1,1 , g1,2 ) is found, (g2,1 , g2,2 ) can be computed by g2,1 ≡
g1,1 + N2 mod N and g2,2 ≡ g1,2 + N2 mod N [57]. An important
remark is that G(x) is not necessarily an inverse polynomial of F (x).
It is only guaranteed that G(x) inverts F (x) at the points x = 0, 1, 2.
Comparing results

In [65] the results of comparing S-random interleavers, quadratic
interleavers and permutation polynomial-based interleavers is presented. Permutation polynomial-based interleavers performed better than quadratic interleavers and S-random interleavers for both
bit-error rate and frame-error rate. However, for very long frame
sizes the S-random interleavers perform better than the permutation polynomial-based interleavers.
5.1.4

Hamiltonian graphs

A Hamiltonian graph is a set of vertices connected in a graph, where
there is a path which visits each vertex exactly once. For example,
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a circle, a square, and a triangle will all be Hamiltonian graphs. A
Hamiltonian cycle is the path of the Hamiltonian graph. Finding
Hamiltonian cycles from a given graph is a NP-complete problem.
However interleavers for a given a Hamiltonian cycle can, according to [43], be constructed from 3-regular Hamiltonian graphs, like
the one shown in figure 5.2. That a graph is 3-regular means that
every vertex has three undirected edges. In the case of a 3-regular
Hamiltonian graph, two of the edges will naturally be part of the
Hamiltonian cycle. The third edge, that is not in the Hamiltonian
cycle, is the interesting one.
0

1

7

2

6

3

5

4

Figure 5.2: An example of a 3-regular Hamiltonian Graph with eight vertices.

If two vertices, i and j, have an edge between them, it is given that
j 6= i ± 1, since this edge e(i, i ± 1) is already on the Hamiltonian graph. Since the graph is 3-regular Hamiltonian, neither of i
or j has any other non-Hamiltonian edges. That means that if these
third edges are used to construct an interleaver π they will be oneto-one edges, π(i) = j and π(j) = i. It should be noted that in a
3-regular graph the number of vertices is always even, so that only
interleavers with even size can be constructed by using 3-regular
Hamiltonian graphs.
The construction of these third edges, can be explained by seeing
the cycle of vertices as a wheel [43, 50]. A spoke in this wheel represents the third edge to the vertex i, where i is some vertex on
the cycle with N vertices. All the spokes can be represented by
a vector (c0 , . . . , cs−1 ). The i vertex is then connected with vertex
j = (i + ci mod s ). Hence, the graph will have s spokes, and therefore
for a spoke vector to be valid [50] the following equations have to
be satisfied
N ≡ 0 mod s
(5.14)
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and
ci = N − c(i+ci )

mod s

∀ 0≤i≤s−1

(5.15)

The interleaver function will therefore be given by
π(i) = (i + ci

mod s )

mod N,

for 0 ≤ i ≤ N − 1

(5.16)

According to [43], these interleavers have better BER performance
than quadratic [57] and S-random [1, 14] interleavers. However, the
construction of these interleavers can involve a search for valid spoke
s
vectors in a space of O(N 2 ) vectors.
5.1.5

Bit-Interleaved Turbo-Coded Modulation

Bit-Interleaved Turbo-Coded Modulation (BITCM) is a bandwidth
and power efficient coding technique. It is based on serial concatenation of binary turbo coding, bit interleaving, and high order modulation [26, 56]. This technique is capable of achieving BER performance close to the capacity limit [25]. The idea of BITCM is
basically to map the encoded bits of a standard turbo code to a
certain signal constellation5 [25, 26]. A QPSK signal constellation
is shown in figure 2.7. Most of the research on BITCM systems has
been on Quadrature Amplitude Modulation (QAM) signal constellations [26]. Figure 5.3 shows the constellation diagram of a 16-QAM
[67]. To optimise BITCM performance, it is necessary to employ a
90

180

0

270

Figure 5.3: A 16-QAM signal constellation.

modulation scheme that has the smallest BER at low SNR. The
59

5.1. INTERLEAVING

CHAPTER 5. NEW RESEARCH IN TURBO CODES

Input

c

Turbo
Encoder

Bit
interleaver

c’

Mapping to
constellation

s

(a) Sender
Bitwise
LLR
calculation

Bit
deinterleaver

Turbo
Decoder

Output
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Figure 5.4: Diagram of the transmission scheme for a BITCM.

transmission scheme for a BITCM is shown in figure 5.4 [56].
In [56] a greedy algorithm is introduced to lower the error floor
of BITCM on the AWGN channel. Given a set L of all codewords of
weight less than a given threshold τ computed by the improved GPB
algorithm given in [54]. Then, for any codeword c = (c0 , · · · , cn−1 ) ∈
L, let X (c) denote the support, that is, the index set of nonzero coordinates. The support of L is then given by X (L). A subset H of X of
minimum cardinality, such that |X (c)∩H| ≥ l(c), 0 ≤ l(c) ≤ |X (c)|,
for all c ∈ L is then called a minimum hitting set [56]. The hitting
distribution is then prescribed by the values l(c), where c ∈ L. Now,
choose l(c) = l0 (w(c)), which means that the value only depends on
the Hamming weight of c. Then, let N (p) = | {c ∈ L : p ∈ X (c)} |
for all p ∈ X .
The greedy algorithm given below will then construct a hitting set
H. This hitting set has a target hitting distribution {l(c) : c ∈ L}.
Algorithm 1 Greedy Hitting Set (L, {l(c) : c ∈ L}) [56]
Compute X (L) and N (p) for all p ∈ X , and the set H = ∅.
while |X (c) ∩ H| < l(c) for all c ∈ L and X 6= ∅ do
Set pmax = arg maxp∈X N (p).
if ∃c ∈ L : pmax ∈ X (c) and |X (c) ∩ H| < l(c) then
Set H = H ∪ {pmax }.
end if
Remove pmax from X .
end while

5 The

reader should recall section 2.3.
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Performance results

The results of using this algorithm compared to randomly generated bit interleavers has shown equal or better performance in the
waterfall region, and a large improvement of the performance in the
error floor region. By using maximum likelihood decoding the given
algorithm was able to design BITCM schemes with a frame error
rate of 10−12 and 10−17 at 2.6 and 3.8 dB from the unconstrained
channel capacity [56].
Further work

The study proposed in [56] has mainly considered an approach with
respect to the lower dimensions of X . It is therefore stated in [56]
that further research should investigate a higher dimensional approach. Most research on BITCM has mainly concentrated on different QAM signal constellations. Further research should consider
using more energy efficient signal constellations [56].
5.1.6

Remarks on interleavers

There are discovered many different methods of interleaving. This
section has discussed a few of them, which all have had the goal of
improving the turbo code. Many other interleaving schemes should
have been discussed, however, because of limited time these schemes
will not be mentioned in this thesis. Another interesting open problem is comparing the performance of these interleaver described in
this section.

5.2

Nonsystematic Turbo Codes

Turbo codes were originally constructed by two Recursive Systematic Convolutional (RSC) encoders. However, other construction
methods have also been used. In [6] turbo codes are constructed by
two recursive NonSystematic Convolutional (NSC) encoders, which
have some interesting results. In [9] it was already mentioned that
NSC turbo codes have the same free distance as RSC, and that the
RSC codes exhibit better performance at low Signal-to-Noise Ratio
(SNR). The construction of a NSC is done by two nonsystematic
feedback convolutional encoders. The two encoders, shown in figure
5.5 as G0 and G1 , code the information data u, and simultaneously
G2 codes the interleaved information data u0 . If G2 is either the same
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v0

message, u
G0

G1

u’
Interleaver

v1

v2
G2

Figure 5.5: A NonSystematic Convolutional (NSC) encoder.

encoder as G0 or G1 , the NSC is symmetric and if G2 is neither, the
NSC is asymmetric.
5.2.1

Decoding

Since the information bits, which in figure 4.1 were denoted by v0 ,
are not part of a NSC, the receiver has no measurements of these
information bits, or systematic bits. Therefore, the decoder assumes
that the APP LLRs to the information bits are equal to zero. Then
some SISO decoding scheme, for example Log-MAP or SOVA which
was described briefly in section 4.5, decodes the code in the same
way as a systematic code.
5.2.2

Good Nonsystematic Turbo Codes

For a convolutional encoder with rate R = k/n, the minimum weight
of the ith parity output sequence will be in the range (1 ≤ i ≤ n−k)
for a systematic encoder, and in (1 ≤ i ≤ n) for a nonsystematic
encoder when the input sequence is of weight 2 (d2 (i)) [6]. The
minimum distances of the systematic (ds2 ) and nonsystematic (dns
2 )
encoder for a weight 2 input can then be written as
ds2 = 2 +

n−k
X

d2 (i),

(5.17)

i=1

and
dns
2

=

n
X
i=1
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respectively. Then by assuming the worst case6 the effective free
distance for a systematic and a nonsystematic turbo code is then
defined as
(2)
dseff = ds2 + d2 ,
(5.19)
and
(2)

ns
dns
eff = d2 + d2 ,

(5.20)

respectively. Finding good nonsystematic turbo codes involves, ac(2)
cording to [6], finding constituent encoders with large dns
2 , d2 and
low convergence thresholds. Some results of different encoders are
presented in [6], that are not reproduced here.
Some nonsystematic encoders are catastrophic, since they do not
provide any a posteriori extrinsic information. However, some of
these catastrophic encoders can, after using doping, which is replacing some of the nonsystematic bits with systematic bits, converge at
low SNRs. But doped encoders seem to have a worse performance
in the error floor region [6].
5.2.3

Properties

Nonsystematic turbo codes have, according to [6], larger values of
effective free distance compared to systematic turbo codes. This is
the reason for their good performance in the error floor region of
the BER curve. So the major benefit of nonsystematic turbo codes
is their improved performance in the error floor region.

5.3

Turbo codes in 3G

Turbo codes were proposed in [39] as the error-correction scheme
for the third generation mobile technology, more commonly known
as 3G. 3G is divided into two standards [17], where one of them
is the Universal Terrestrial Radio Access (UTRA), which is based
on the Wideband Code-Division Multiple Access (WCDMA). The
other standard is called CDMA2000 [39]. The coding scheme used
in the CDMA2000 standard is shown in figure 5.6, which has a data
service above 14.4 kbps [39]. This coding scheme can with different
puncturing patterns achieve different coding rates, namely, 1/2, 1/3
and 1/4. The different patterns are shown in table 5.1 [3, 39]. In
both CDMA2000 and UTRA/WCDMA the interleaver is divided
6 When

a input of weight 2 is encoded to give the output of weight ds2 or dns
2 is interleaved
(2)

to an input of weight 2 for the second encoder which gives the an output of weight d2 .
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RATE
X(t)
Y0 (t)
Y1 (t)

1/2
11
10
00

1/3
11
11
00

1/4
11
11
10

X’(t)
Y00 (t)
Y10 (t)

00
01
00

00
11
00

00
01
11

Table 5.1: Puncturing patterns for different code rates [39].

into a small number of ”mother interleavers” that use pruning to
skip unnecessary indexes. For example, if the mother interleaver is
the permutation (4, 6, 1, 7, 3, 0, 2, 5), that has length eight, then a
”child interleaver” of length five will then, by pruning the indexes
6, 7 and 5, be (4, 1, 3, 0, 2). The CDMA2000 mother interleaver is
a two-dimensional matrix 32 × 2n , where n ∈ {4, 5, · · · 10}. The
information data is entered into this matrix row by row, where they
are permuted to a linear congruence sequence given by x(i + 1) =
(x(i)+c) mod 2n , where x(0) = c and c is a row-specific value given
in a lookup table [39]. The rows are then reordered by reading the
rows in a different order. The matrix is then read column by column,
where the output is given to the second encoder.
5.3.1

Performance of turbo codes in 3G

In [39] turbo codes are compared to convolutional codes7 under realistic 3G conditions. The performance of turbo codes are in most
cases better than the performance of the convolutional codes. Convolutional codes only seem preferable when the amount of data to
be transmitted is small. However, when the amount of data is large,
turbo codes outperform the convolutional codes. This is because
when the data size increases, the spectral thinning in the turbo
interleaver, makes the number of ”neighbour” codewords smaller,
hence, the turbo codes becomes more effective. The standard turbo
code used in CDMA2000 also has automatic repeat request (ARQ)
mechanism, which improves the Frame Error Rate (FER). Power
control is also an important feature, since 3G is wireless communication where the environment can change quickly. Fast power control
effects the performance greatly [3, 17, 39]. Turbo codes have an efficient way of adjusting the transmission power, and especially in
7 Discussed

in section 3.4.2.
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X(t)
Y0(t)
Y1(t)

Y’0(t)
Interleaver

Y’1(t)

X’(t)

Figure 5.6: The standardized encoding scheme of turbo-codes in 3G.

mobile devices with limited power resources this is very important.
5.3.2

Further work

3G is one of the newest technologies in the area of mobile communications. However, the fourth generation (4G) is already being developed. One promised improvement of the 4G is higher data transmission rate. Though information is limited on this topic, turbo codes
might be a component of the next generation of mobile communications.

5.4

Fast correlation attacks

In [35] the techniques of turbo codes have been used in new algorithms for fast correlation attacks. A fast correlation attack [44]
is one of the most important class of attacks on a Linear Feedback
Shift Register (LFSR) based stream cipher [35, 45]. Figure 5.7 shows
a small LFSR with two taps. Figure 5.8 shows the concept of how
an information sequence u is encoded with a stream cipher. The
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Output
1

0

1

1

0

Figure 5.7: Linear Feedback Shift Register (LFSR) with two taps.

keystream
generator

u1, u2, ...

k1, k2, ...

v1, v2, ...

Figure 5.8: Binary additive stream cipher.

keystream k can be generated by only one, or many LFSRs that are
added together. This keystream is then added bitwise to the information sequence, which results in the output sequence v.
A correlation between a known keystream sequence and the output l of one of the LFSRs is always present [44, 61, 60, 36]. When
this correlation is of the form P (li = ki ) 6= 0.5 [44, 36], in other
words, the correlation is different than a half, and further, if the
number of taps in the LFSR is small, then the two algorithms proposed in [44] for fast correlation attack can be used.
These algorithms have been known since the late eighties, without
substantial improvements. In 1999 an attack using convolutional
codes was proposed in [36]. The same year the same authors proposed a similar attack using turbo codes [35]. These new kinds of
correlation attacks are based on combining the iterative decoding
technique proposed in [44], with the framework of convolutional
codes [36, 35].
The first object of the correlation attacks proposed in [44] is to
find a set of suitable parity check equations in the code C. Second,
one uses these parity check equations in a fast decoding algorithm
to recover the transmitted codeword. This is then used to find the
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initial state of the LFSR.
5.4.1

Improved fast correlation algorithm

The following section assumes the reader is familiar with the basics of fast correlation attacks [44]. Given a l × N generator matrix
GLFSR for a code generated by a LFSR, a received sequence z, the
probability of an error p, the number of iterations I and the number of constituent codes M , the fast correlation attack using turbo
code techniques can be used. First, let π2 , . . . , πM be M-1 random
permutations permuting indices B + 1, . . . , J. The remaining indices should be left fixed. Then define the generator matrices for
the M different codes that are permuted versions of the GLFSR , i.e.
G1 = GLFSR , G2 = π2 (GLFSR ), . . . , GM = πM (GLFSR ). For Gi , where
2 ≤ i ≤ M , πi (z) denotes the received sequence. Find all the parity checks of the form given in equation 5.21 for every Gi , where
1 ≤ i ≤ M.
P
un + B
i=1 ci1 un−i + uin1 + ujn1 = 0,
un +

PB

i=1 ci2 un−i

+ uin2 + ujn2 = 0,
..
.
PB
un + i=1 cim(n) un−i + uinm(n) + ujnm(n) = 0,

(5.21)

where m(n) denotes the found parity checks for position n. These
steps are the precomputing part of the algorithm [35].
By using the given error probability p and P (un = zn ) = 1 − p, construct the a priori probability vector (P (uB+1 ), P (uB+2 ), . . . , P (uJ )).
Then, for each Gi , construct the received sequence r by
(0)

(k)

rn = zn , rn = zink + zjnk , j ≤ k ≤ m.

(5.22)

This sequence can be understood as the ”received” sequence for the
turbo code. Compute the corresponding a priori probabilities for the
convolutional codeword vector vn , B + 1 ≤ k ≤ J, by using
P (vn(k) = rn(k) ) = (1 − p)2 + p2 , i ≤ k ≤ m.

(5.23)

Now, update for each Gi the probability
(0)

P (vn ) = P (un ), B + 1 ≤ n ≤ J.

(5.24)

The MAP algorithm, mentioned in section 4.5 and described in [70],
can now be used on Gi with starting state distribution P (ss ) =
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(0)

(0)

P (vB+1 |r), P (vB+2 |r), . . . , P (vJ |r), where 1 ≤ i ≤ M . When i =
M + 1 restart at i = 1. Compute the probabilities
(0)

(0)

(0)

P (uB+1 ) = P (vB+1 |r), P (uB+2 ) = P (vB+2 |r), . . . , P (uJ ) = P (vJ |r)
. As long as the number of iterations is less than I ×M , the algorithm
should go back to equation 5.24 and run more iterations. If the
number of iterations are sufficient the most probable value for each
symbol u5B+1 , u5B+2 , . . . , u5B+l is selected, and from them one can
calculate the initial state u0 8 . This initial state vector should be
verified by checking its encoding result9 .
5.4.2

Performance

This improved form of correlation attack has, according to the results presented in [35], an improved performance as M grows and B
is fixed. Further, these results have shown that the improved form
is more efficient than the correlation attacks proposed in [44]. [35]
also proposes a parallel version of the attack, however this will not
be discussed here.
5.4.3

Comments

Using turbo techniques in fast correlation attacks, shows that the
turbo technique can be adapted to other areas. This indicates that
turbo codes will, in the future, be used in many different contexts.
An open question for the future is to find other areas where turbo
codes can be useful.

8A

pseudocode version of this algorithm can be found in [35].
is the usual procedure of checking the results correctness.

9 This
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Examples of Turbo product
codes
The following sections describe different codes constructed in this
thesis. They are all programmed in c++ and will be explained later
in Appendix A.

6.1

Turbo-code no. 1

This encoder was based on the examples given in [63, 64]. It is a
product code.
6.1.1

Encoder

This example uses a product code to encode a four bit message. The
parity check will be computed in the following way.

a
c
ac

b
d
bd

ab
cd

Figure 6.1: Encoder. The double letters are added. ab = a + b (mod 2)

After encoding, the codeword contains four bits of information and
four bits of parity check. In total this is eight bits. The interleaving
here just swaps b and c. The result returned will then be ac and bd,
where ac = a + c (mod 2) = a ⊕ b, and bd = b + d (mod 2) = b
⊕ d. This is illustrated in figure 6.2.
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Figure 6.2: The original interleaver

6.1.2

Decoding

The decoding algorithm is based on a similar algorithm found on
page 8 in [63].
Algorithm

In section 3.3.2 log-likelihood ratios (LLR) were defined in equation (3.11). Now equation (3.12), which defined the conditioned loglikelihood ratio, will be rewritten. LX|D (x|d) was defined as LLR obtained by measuring the output x under the conditions that d = +1
or d = −1. To simplify notation the LX|D (x|d) is replaced with
Lc (x), since Lc (x) really is a LLR found by measuring the channel
output at the receiver. The equations LD (d) will from now on be
written as L(d), and LD|X (d|x) will be written as L(d|x). Hence,
L(d|x) = L(d) + Lc (x)

(6.1)

Remember that L(d|x) is a real number that represents a soft decision made from the received signal. Turbo codes are iterative, and
ˆ or LLR result,
each decoding iteration receives the soft output L(d),
from the previous decoding iteration. Expressing this soft output for
a systematic code, as shown in [10, 30] is done by equation
ˆ = L(d|x) + Le (d)
ˆ
L(d)

(6.2)

ˆ is called extrinsic LLR, and which holds extra knowlwhere Le (d)
edge about the decoding process divided in horizontal and vertical
ˆ will represent the exdirections. In the following equations Leh (d)
ˆ will
trinsic LLR from the horizontal decoding process and Lev (d)
represent the extrinsic LLR from the vertical decoding process. By
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replacing L(d|x) we obtain
ˆ = Lc (x) + L(d) + Le (d)
ˆ
L(d)

(6.3)

1. If the a priori probabilities of the data bits are equally likely,
then set the a priori Log-Likelihood Ratio (LLR) L(d) = 0.
2. Decode horizontally, and using equation (6.3) obtain the horizontal extrinsic LLR as shown below:
ˆ = L(d)
ˆ − Lc (c) − L(d)
Leh (d)
ˆ for the vertical decoding of step 4.
3. Set L(d) = Leh (d)
4. Decode vertically, and using equation (6.3) obtain the vertical
extrinsic LRR as shown below:
ˆ = L(d)
ˆ − Lc (x) − L(d)
Lev (d)
ˆ and repeat steps 2 through 5.
5. Set L(d) = Lev (d)
6. When enough iterations, at least five, have been done, one is
able to yield a reliable decision, and go to step 7. This means
that for each iteration the soft decision must be compared with
the soft decision from the preceding iteration. If the difference
between their estimates is small, the soft decision is assumed
to have converged and a reliable decision can be made.
7. The soft output is:
ˆ = Lc (x) + Leh (d)
ˆ + Lev (d)
ˆ
L(d)

(6.4)

Consequently one could say that one starts with the measurements
of the received codeword. One then sets the a priori LLR, noted L(d),
equal to zero, and then starts to iterate. One first decodes from left
to right, then from top to bottom. If the result is a reliable decision,
measured by soft decision convergence from preceding iterations,
terminate the algorithm and return the soft output. If the result is
not reliable further iterations are required. Normally at least 5 or
6 iterations are needed before a reliable decision can be returned,
however more iterations might be needed.
6.1.3

Decoding example

This example is taken from Fundamentals of Turbo Codes by Bernard
Sklar [63]. Suppose the message intended to be sent is 1001. For the
coding scheme given above, the encoding will return the output
shown in figure 6.3.
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1
0
1

0
1
1

1
1

Figure 6.3: Encoded 1001

This resultant codeword is 10011111. After passing through a channel, errors are introduced to the codeword. For instance, suppose
the codeword received is:
{xi } , {xij } = 0.75, 0.05, 0.10, 0.15, 1.25, 1.0, 3.0, 0.5

(6.5)

In this example an AWGN interference model is used for the channel,
discussed in section 2.2.1. Therefore the channel measurement of a
signal xk at time k is:


p(xk |dk = +1)
(6.6)
Lc (xk ) = loge
p(xk |dk = −1)
"


2 # 
1
1 xk − 1

 √ exp − 2
σ
 σ 2π


"
#
= loge 
(6.7)

2 

1 xk + 1
 1

√ exp −
2
σ
σ 2π

2

2
1 xk + 1
2
1 xk − 1
(6.8)
+
= 2 xk
=−
2
σ
2
σ
σ
If one assumes that the noise variance σ 2 is unity, one can make a
simplifying assumption:
Lc (xk ) = 2xk

(6.9)

Then get the LLR values from equation (6.5):
{Lc (xi )} , {Lc (xij )} = 1.5, 0.1, 0.2, 0.3, 2.5, 2.0, 6.0, 1.0
d1 = 1
d3 = 0
d13 = 1

d2 = 0
d4 = 1
d24 = 1

d12 = 1
d34 = 1

Figure 6.4: Encoder output binary digits
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Lc (x1 ) = 1.5
Lc (x3 ) = 0.2
Lc (x13 ) = 6.0

Lc (x2 ) = 0.1
Lc (x4 ) = 0.3
Lc (x24 ) = 1.0

6.1. TURBO-CODE NO. 1

Lc (x12 ) = 2.5
Lc (x34 ) = 2.0

Figure 6.5: Decoder input log-likelihood ratios Lc (x)

To express the soft output L(dˆ1 ) for the received signal corresponding to data d1 , one uses equation 6.3, and then gets:
L(dˆ1 ) = Lc (x1 ) + L(d1 ) + {[Lc (x2 ) + L(d2 )]  Lc (x12 )}

(6.11)

In general the soft output L(dˆi ) for the received signal corresponding
to data di is
L(dˆi ) = Lc (xi ) + L(di ) + {[Lc (xj ) + L(dj )]  Lc (xij )}

(6.12)

Here Lc (xi ), Lc (xj ) and Lc (xij ) are the channel LLR measurements
of the received data to di , dj and dij and {[Lc (xj ) + L(dj )]  Lc (xij )}
is the extrinsic LLR given by the code.
Computing the extrinsic likelihoods

The decoder is iterative and consists of two independent decoders
that feed soft output to each other. The first decoder works on parity bits from the first encoder, and the second one works on the
parity bits given by the second decoder. For the given example, the
ˆ and the vertical,
horizontal, or first decoder, is denoted as Leh (d)
ˆ Then the eight different
or second decoder, is denoted as Lev (d).
extrinsic likelihoods are computed by the following equations:
h
i
Leh (dˆ1 ) = Lc (x2 ) + L(dˆ2 )  Lc (x12 )
(6.13a)
i
h
Lev (dˆ1 ) = Lc (x3 ) + L(dˆ3 )  Lc (x13 )
h
i
ˆ
ˆ
Leh (d2 ) = Lc (x1 ) + L(d1 )  Lc (x12 )
h
i
ˆ
ˆ
Lev (d2 ) = Lc (x4 ) + L(d4 )  Lc (x24 )
h
i
Leh (dˆ3 ) = Lc (x4 ) + L(dˆ4 )  Lc (x34 )
h
i
Lev (dˆ3 ) = Lc (x1 ) + L(dˆ1 )  Lc (x13 )
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h
i
Leh (dˆ4 ) = Lc (x3 ) + L(dˆ3 )  Lc (x34 )
h
i
Lev (dˆ4 ) = Lc (x2 ) + L(dˆ2 )  Lc (x24 )

(6.13g)
(6.13h)

If the data given by figure 6.5 is used, and the L(d) values reset to
zero, the result will be:
Leh (dˆ1 ) = (0.1 + 0)  2.5 ≈ −0.1 = newL(d1 )

(6.14a)

Leh (dˆ2 ) = (1.5 + 0)  2.5 ≈ −1.5 = newL(d2 )

(6.14b)

Leh (dˆ3 ) = (0.3 + 0)  2.0 ≈ −0.3 = newL(d3 )

(6.14c)

Leh (dˆ4 ) = (0.2 + 0)  2.0 ≈ −0.2 = newL(d4 )

(6.14d)

To compute the log-likelihood addition, equation (3.14) is used.
Then the second decoder, that uses the new L(d) values computed
by the first decoder is used to compute the following results:
Lev (dˆ1 ) = (0.2 − 0.3)  6.0 ≈ 0.1 = newL(d1 )

(6.15a)

Lev (dˆ2 ) = (0.3 − 0.2)  1.0 ≈ −0.1 = newL(d2 )

(6.15b)

Lev (dˆ3 ) = (1.5 − 0.1)  6.0 ≈ −1.4 = newL(d3 )

(6.15c)

Lev (dˆ4 ) = (0.1 − 1.5)  1.0 ≈ 1.0 = newL(d4 )

(6.15d)

The first two decoding steps of the first iteration are now stored in
ˆ and Lev (d).
ˆ Now the soft output has to be computed. The
Led (d)

1.5
0.2

0.1
0.3

(a) Original Lc (xk )

-0.1
-0.3

-1.5
-0.2

ˆ
(b) Horizontal Leh (d)

0.1
-1.4

-0.1
1.0

ˆ
(c) Vertical Lev (d)

ˆ and Lev (d)
ˆ
Figure 6.6: Original Lc (xk ), the Leh (d)

ˆ + Lev (d)
ˆ =. From
improved LLR is computed by Lc (xk ) + Leh (d)
figure 6.6 it is seen that the improved LLR is as shown in figure 6.7:
The first LLR values are then computed. In this case one can see
that the correct codeword has already been found. However this can
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1.5
-1.5
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-1.5
1.1

Figure 6.7: Improved LLR

not be known for sure. Therefore more iterations will be needed to
obtain a more confident decision. After four iterations the result is
as shown in figure 6.8

2.6
-2.6

-2.5
2.5

ˆ after four iterations
Figure 6.8: L(d)

The confidence about these decisions is high, since the soft decisions
have converged to the same result for two iterations. Therefore no
further iterations are needed and the correct message is: 1001.

6.2

Turbo-code no. 2

It is now time to explore changes in the interleaver. Code number
2, shown if figure 6.9, works much in the same way as code number
1 shown in figure 6.2. The only difference between them is the interleaver.

Figure 6.9: The interleaver is replaced by a permutation over Z24 .

The interleaver is now replaced by a more general permutation that
maps Z24 to Z24 as shown in figure 6.9. The permuted parity bits
75

6.2. TURBO-CODE NO. 2

CHAPTER 6. EXAMPLES OF TURBO PRODUCT CODES

are then computed by:
P10 = a ⊕ b ⊕ b = a

(6.16)

P20 = c ⊕ d = P2

(6.17)

This permutaion is by equation (6.16) and (6.17) justified to be in
Z24 , since the result of P10 = a and P20 = P2 is already known to
be in Z24 . Earlier, in the section about interleaving, it was stated
that the point of interleaving was to protect the code against burst
errors. This was done by spreading the data out between the parity
bits. As one can see from equation (6.16) and (6.17), this is not the
case here. Accordingly the choice of permutation function in figure
6.9 is not a good one.
6.2.1

Decoding

Decoding this code is very similar to that of section 6.1. Equation
(6.12) is still valid, however the new permutation model has now to
be taken into consideration. Therefore some of the equations from
(6.13a) to (6.13h) will differ in this decoder. To be precise all the
Lev (dˆi ) will differ:
Equation (6.13b) will become:
h
i
Lev (dˆ1 ) = Lc (x2 ) + L(dˆ2 )  Lc (x7 )

(6.18)

Equation (6.13d) will become:
h
i
Lev (dˆ2 ) = Lc (x1 ) + L(dˆ1 )  0

(6.19)

Equation (6.13f) will become:
h
i
Lev (dˆ3 ) = Lc (x4 ) + L(dˆ4 )  Lc (x8 )

(6.20)

Equation (6.13h) will become:
h
i
Lev (dˆ4 ) = Lc (x3 ) + L(dˆ3 )  Lc (x8 )

(6.21)

It is now easily seen that the b in figure 6.2 on page 70 does not
have as much parity information as the other bits in the message.
Accoringly the assumption that the choice of interleaver function
could have been better seems to be correct. Nevertheless, if one
tries to decode the same message given in the example, one gets the
correct result, but it takes more iterations.
76

CHAPTER 6. EXAMPLES OF TURBO PRODUCT CODES

6.3

6.3. TURBO-CODE NO. 3

Turbo-code no. 3

Since the errors in our choice of permutation function were quite
obvious, an example with a better permutation function should be
given, as shown in figure 6.10.

Figure 6.10: The interleaver replaced by another permutation.

Figure 6.10 shows a function where each parity bit of the permuted
code is a product of several bits. The parity bits can be expressed
as:
P10 = a ⊕ b ⊕ c
(6.22)
P20 = b ⊕ d

(6.23)

Since P10 and P20 both are results of XORed values from Z24 , according to section 2.1 and [13, 52], the result will also be in Z24 . In
this case the Leh (di ) equations will be the same, however the Lev (di )
equations will differ from the ones given in (6.13b) to (6.13h), that
result in:
i
i hh
i
i
hh
Lev (dˆ1 ) = Lc (x3 ) + L(dˆ3 )  Lc (x7 )  Lc (x2 ) + L(dˆ2 )  Lc (x7 )
(6.24)
i
h
Lev (dˆ2 ) = Lc (x4 ) + L(dˆ4 )  Lc (x8 )
(6.25)
Lev (dˆ3 ) =

hh

i
i hh
i
i
Lc (x1 ) + L(dˆ1 )  Lc (x7 )  Lc (x2 ) + L(dˆ2 )  Lc (x7 )
(6.26)
h
i
ˆ
ˆ
Lev (d4 ) = Lc (x2 ) + L(d2 )  Lc (x8 )
(6.27)

Decoding the given example with this decoder uses 15 iterations
to find the right result. This is much slower than the two other
decoders.
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Turbo-code no. 4

This time the encoding in both the original and the interleaved part
was different from its predecessors. Acctually the encoding is the
same as multiplying the message u with a matrix defined as


0 1 1 1
 1 0 1 1 

(6.28)
A=
 1 1 0 1 
1 1 1 0
If the selected message is abcd, the four parity bits will be computed
as
  

bcd
a
 b   acd 

 
A·
(6.29)
 c  =  abd  .
abc
d
Put in context with figure 6.11 the outputs will be p1 = bcd, p2 =
acd, p01 = abd and p02 = abc, where the two first parity bits are the
horizontal parity bits, and the last two are the vertical parity bits.
Therefore we exchange c with a for the first parity bit in encoder
two, and d with b for the second parity bit for encoder two, as shown
in figure 6.11

a

b

c

d

p1 p2

a

b

c

d

p’1 p’2

Figure 6.11: The third coding scheme. The figure to the left shows the encoding
before ”interleaving”, and the right one shows the encoding after.

Decoding this code involved modifying the equations (6.13) and
equation (3.14) to fit the chosen encoder scheme. Since the parity
bits are products of several bits the resulting equations have to compute the log-likelihood ratio between all the different bits, resulting
in
hh
i
i
Leh (dˆ1 ) =
Lc (x3 ) + L(dˆ3 )  Lc (x34 )
(6.30a)
h
i
ˆ
 Lc (x4 ) + L(d4 )  Lc (x34 )
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Lev (dˆ1 ) =

hh

i
i
Lc (x2 ) + L(dˆ2 )  Lc (x13 )



hh

i
i
Lc (x4 ) + L(dˆ4 )  Lc (x13 )



hh

i
i
Lc (x2 ) + L(dˆ2 )  Lc (x24 )



hh

i
i
ˆ
Lc (x3 ) + L(d3 )  Lc (x24 )

6.4. TURBO-CODE NO. 4

(6.30b)

Leh (dˆ2 ) =

hh

i
i
ˆ
Lc (x3 ) + L(d3 )  Lc (x12 )
(6.30c)
h

i
 Lc (x4 ) + L(dˆ4 )  Lc (x12 )

Lev (dˆ2 ) =

hh

i
i
Lc (x1 ) + L(dˆ1 )  Lc (x13 )



hh

i
i
Lc (x4 ) + L(dˆ4 )  Lc (x13 )



hh

i
i
Lc (x1 ) + L(dˆ1 )  Lc (x24 )



hh

i
i
Lc (x3 ) + L(dˆ3 )  Lc (x24 )

(6.30d)

Leh (dˆ3 ) =

hh

i
i
ˆ
Lc (x2 ) + L(d2 )  Lc (x12 )



hh

i
i
ˆ
Lc (x4 ) + L(d4 )  Lc (x12 )



hh

i
i
Lc (x1 ) + L(dˆ1 )  Lc (x34 )



hh

i
i
Lc (x4 ) + L(dˆ4 )  Lc (x34 )

(6.30e)

Lev (dˆ3 ) =

hh

i
i
Lc (x1 ) + L(dˆ1 )  Lc (x24 )
(6.30f)
h

i
 Lc (x2 ) + L(dˆ2 )  Lc (x24 )
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Leh (dˆ4 ) =

hh

i
i
Lc (x2 ) + L(dˆ2 )  Lc (x12 )



hh

i
i
Lc (x3 ) + L(dˆ3 )  Lc (x12 )



hh

i
i
Lc (x1 ) + L(dˆ1 )  Lc (x34 )

(6.30g)

hh

i
i
ˆ
 Lc (x3 ) + L(d3 )  Lc (x34 )
hh
i
i
Lev (dˆ4 ) =
Lc (x1 ) + L(dˆ1 )  Lc (x13 )
(6.30h)
h

i
 Lc (x2 ) + L(dˆ2 )  Lc (x13 )
The equations look quite complex, but the same approximation introduced from equation (3.13) to equation (3.14) is used, which implies that all values are compared in pairs, and then the smallest
ratio is selected as the new extrinsic LLR. However, it should be
mentioned that this approximation is quite rough, and this will be
the topic of section 6.5.

6.5

Approximation difference

The approximation of equation (3.13) is given in equation (3.14)
and this approximation has been used in the codes described in this
chapter. As said earlier, this approximation is quite rough. Let the
example given in section 6.1.3 be computed without using this approximation. Denoting this unapproximated summation operation,
defined by equation (3.13), with 0 , equation (6.14a) to equation
(6.14d), which are the horizontal extrinsic values, become
Leh (dˆ1 ) = (0.1 + 0) 0 2.5 = −0.0848 = newL(d1 )

(6.31a)

Leh (dˆ2 ) = (1.5 + 0) 0 2.5 = −1.2049 = newL(d2 )

(6.31b)

Leh (dˆ3 ) = (0.3 + 0) 0 2.0 = −0.2278 = newL(d3 )

(6.31c)

Leh (dˆ4 ) = (0.2 + 0) 0 2.0 = −0.1521 = newL(d4 )

(6.31d)

Further, the vertical values become
Lev (dˆ1 ) = (0.2 − 0.3) 0 6.0 = 0.0277 = newL(d1 )

(6.32a)

Lev (dˆ2 ) = (0.3 − 0.2) 0 1.0 = −0.0682 = newL(d2 )

(6.32b)
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Lev (dˆ3 ) = (1.5 − 0.1) 0 6.0 = −1.4056 = newL(d3 )

(6.32c)

Lev (dˆ4 ) = (0.1 − 1.5) 0 1.0 = 0.4729 = newL(d4 )

(6.32d)

When comparing these results, shown in figure 6.12, with the approximated results given in figure 6.6 all numbers have the same
sign as the approximated version. However, they seem to converge
slower than the approximated results. The next iterations will then

-0.0848
-0.2278

-1.2049
-0.1521

ˆ
(a) Horizontal Leh (d)

1.4428
-1.4334

0.0277
-1.4056

-0.0682
0.4729

ˆ
(b) Vertical Lev (d)

-1.1731
0.6208

(c) Improved LLRs

ˆ Lev (d)
ˆ and Improved LLRs
Figure 6.12: The Leh (d),

give
Leh (dˆ1 ) = (0.1 + 0.0277) 0 2.5 = −0.1083 = newL(d1 )

(6.33a)

Leh (dˆ2 ) = (1.5 − 0.0682) 0 2.5 = −1.1558 = newL(d2 )

(6.33b)

Leh (dˆ3 ) = (0.3 − 1.4056) 0 2.0 = 0.8066 = newL(d3 )

(6.33c)

Leh (dˆ4 ) = (0.2 + 0.4729) 0 2.0 = −0.5044 = newL(d4 )

(6.33d)

and the vertical values
Lev (dˆ1 ) = (0.2 + 0.8066) 0 6.0 = −1.0007 = newL(d1 )

(6.34a)

Lev (dˆ2 ) = (0.3 − 0.5044) 0 1.0 = 0.0942 = newL(d2 )

(6.34b)

Lev (dˆ3 ) = (1.5 − 0.1083) 0 6.0 = −1.3824 = newL(d3 )

(6.34c)

Lev (dˆ4 ) = (0.1 − 1.1558) 0 1.0 = 0.4548 = newL(d4 ),

(6.34d)

which can be represented in a figure 6.13
After four iterations the LLRs are as shown in figure 6.14 The LLRs
are at this point converging to the same result as the approximated
result. However, as pointed out earlier, the LLRs seem to converge
slower.
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-0.1083
0.8066

-1.1558
-0.5044

ˆ
(a) Horizontal Leh (d)

1.8476
-1.8393

-1.0007
-1.3824

0.0942
0.4548

ˆ
(b) Vertical Lev (d)

-1.6218
1.6526
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Figure 6.14: LLRs after 4 iterations
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Chapter 7

Simulations and Results
All the simulations were run on an Intel Pentium Centrino processor
2.00GHz, with a total of 1024 MB memory running SuSE 10.1.

7.1

Simulations

All the results presented in this chapter were produced by the f ort.out
program described in section A. This program simultaneously simulates the four codes presented in chapter 6. The drawback of doing
the simulations simultaneously is that the memory usage gets quite
large, and at the point when the number of iterations exceeds approximately 74700, no result is returned. This is unfortunate when
finding the Bit-Error Rate (BER), since the technique used required
100 error blocks to compute the average BER of the simulations.
When the number of simulations gave over 100 error block the BER
could be computed by
BER =

Number of bit errors
.
Number of sent bits

(7.1)

However, when the Eb /N0 grew the number of errors went down,
as expected, and therefore more iterations where needed to find the
correct BER. When the number of simulations came to the limit of
approximately 74700, the correctness of the BER went down as the
Eb /N0 grew. The error floor, which usually appears in the region
where the BER curve of the turbo codes is below 10−5 [66], is therefore not present. The reader should be aware of this when studying
the graphs.
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7.1.1

Channel simulation

All the simulations used an AWGN channel. This was emulated by
using equation (2.2), which is a normally distributed function, where
the function takes the Signal to Noise Ratio (SNR)1 as in data and
returns a random normally distributed noise variable. This noise is
then added to the ”transmitted” binary vector that is received by
the receiver.

7.2

Results

Figure 7.1 shows the BER curves of the four codes discussed in
chapter 6. The figure shows that code no. 2 and no. 3 have worse
performance than the original code no. 1. This result is not very
suprising since some of the parity bits in code no. 2 and 3 have less
parity information about the information bits they are a ”product”
of. For example, equation (6.16) says that the parity bit P10 has no
information about the bit called b, since the bits are XORed. This
will normally result in slower convergence, which figure 7.2 shows
is the case here. It should be remarked that the program has been
limited to a number of iterations i, where i ∈ (6, 7, · · · , 30).
Code no. 4 is, as figure 7.1 shows, catastrophic2 . The code does
not seem to decode correctly for any Eb /N0 , and has therefore a
high BER curve. This code should therefore not be used.
Code no. 1 has very good BER performance, however the results
beyond Eb /N0 = 1.0 have large uncertainty because of the reasons
described in section 7.1. Knowledge of the performance in the error
floor region is not given in the figure, so further research is needed
to give a complete description of the code.
7.2.1

Remarks

The graphs make it clear that code no. 1 is the best code of the
four. From this one may conclude that replacing interleavers with
more general permutations may be a bad idea. However, it should be
remarked that the length of the information bits is four, which limits
the permutation possibilities. Therefore, further research should look
into codes with larger information bit length. One of the factors that
1 Not

given as decibel.
in this context should not be confused with the catastrophic encoders discussed in section 5.2.
2 Catastrophic
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Simulation Results over AWGN Channel for the different Turbo Codes.
1

Code nr.1
Code nr.2
Code nr.3
Code nr.4

0.1

BER

0.01

0.001

1e-04

1e-05
0

0.5

1
Eb/N0

1.5

2

Figure 7.1: The BER curves for the simulations of the turbo codes under different
signal-to-noise ratios.

motivated this research was to investigate the possibility of using the
interleaver or more general permutation as a cryptographic key for
the turbo code. Even if the results in the graphs were unpromising,
several different angles should be investigated.
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Simulation Results over AWGN Channel for the different Turbo Codes.
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Figure 7.2: Number of iterations under different signal-to-noise ratios.
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Chapter 8

Conclusion
In this thesis some of the building blocks of turbo codes, and the
basics of turbo codes have been described. Some of the recent developments of turbo codes have been introduced. Especially different
methods of interleaving have been discussed. The reason for the focus on interleaving is that interleavers have a large influence on the
free distance. When the free distance of a turbo code increases, the
error floor performance improves.
Interleavers can be divided into ”random” and deterministic interleavers. Mainly, deterministic interleavers have been discussed, but
a brief introduction on S-random interleavers has been given. A deterministic interleaver is a permutation of an arranged manner. This
can make the analyse of the interleaver simpler.
When turbo code were introduced for the first time in [10], the proposed codes used two Recursive Systematic Convolutional (RSC)
encoders. [6] describes codes constructed by NonSystematic Convolutional (NSC) encoders. These codes show a better performance at
low Signal-to-Noise Ratios (SNRs). The construction of good NSC
codes has been discussed, where some rules of obtaining good codes
has been introduced. Mainly the benefit of using NSC codes is their
improved performance in the error floor region compared to RSC
codes.
Some of the current applications of turbo codes have also been described. The main current applications are 3G mobile communications and space communications, but turbo codes are also used in,
for example, the standard for Digital Video Broadcasting (DVB)
[16]. The two standards of 3G have both selected turbo codes as
their error correcting code. The turbo coding in the 3G standard
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CDMA2000 has briefly been described and compared to other candidates for this standard of the third generations of mobile communications [39].
A improved fast correlation attack using turbo code techniques has
been discussed. This attack has shown improved efficiency compared
to the previous known fast correlation attacks.
The result of a small turbo product code has been given. The interleaver was replaced by a more general permutation and the results investigated. These codes were simulated in an AWGN environment under different signal to noise ratios. The graphs of these
experiments showed that the original interleaver had the best BER
performance and used the fewest iterations to estimate the correct
codeword. These experiments were only performed on small codes,
and therefore the permutation possibilities are limited. Further work
should examine similar permutations on longer codes.

8.1

Further work

[56] stated that further research should investigate a higher dimensional approach to construct better BITCMs. Other methods of interleaving is an interesting subject that can improve the turbo code
performance. Another interesting field would be developing turbo
codes for the fourth generation of mobile communications, where
high data transmission rates are preferable.
The remarks given in chapter 7 said that replacing the interleaver
with more general permutations should be investigated for longer
codes. The possibility of using the interleaver or more general permutation as a cryptographic key leaves several open questions that
should be investigated.
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Appendix A

Programs
The program turbo.m is written in Matlab, all the other programs
are written in c++. The following command is used when compiling
the c++ programs in Linux:
c++ -o < f ilename.out > < f ilename.cpp >
The .out filename does not have to match the .cpp filename, but it
is recommended for simplicity. More information about compiling
can be found by typing ”man c++” in a terminal window. Running
the programs is done by the command:
./ < f ilename.out > < argument(s) >

A.1

Description of programs

The programs should be placed in context with this thesis, therefore
a short description is approproate.
Encoders:
encoder3 is
encoder4 is
encoder5 is
encoder6 is

the
the
the
the

program
program
program
program

discussed
discussed
discussed
discussed

in
in
in
in

section
section
section
section

6.1.
6.2.
6.3.
6.4.

Channel:
channel is a AWGN channel, that needs two arguments. First a
codeword, on the form given by encoder3 - encoder6, second the
Eb /N0 . For example: ”./channel.out 11100111 0.1”
Decoding:
decoder3 is the decoder to encoder3.
decoder4 is the decoder to encoder4.
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decoder5 is the decoder to encoder5.
decoder6 is the decoder to encoder6.
All of the decoding programs need a list of measured channel values
given by the program channel. For example: ”./decoder3.out 0.7092
0.8872 1.231 -1.0494 -0.9826 1.2212 0.7456 0.6886”. All decoders
check if the soft output converges. If the improvement from last iteration is less than 0.01 for all information bits, and the number of
iterations is bigger than 6, the decoding terminates and returns the
decoded message. If the number of iterations reaches 30 and the loglikelihood ratios do not converge, the decoding algorithm terminates
and returns the closest decoded message. In this case retransmission
should be called.
These programs have been combined to format the programs:
codeword uses all the programs given above with a user friendly
output. This program take the Eb /N0 as an argument.
f ort is the same program as codeword, except that it returns gnuplot
friendly output. In addition to the Eb /N0 argument, this program
also needs a positive integer. This integer decides how many times
the program is run. When making graphs it can be preferable to
run the program several times, to see if the results repeat. For each
run a new message is selected. Instead of giving the decoded message, like codeword, this program returns the BER to the different
codes, and the average number of iterations to decode the message.
However, if preferable, the program can easily be changed to give
other output. The simulation results in section 7.2 are all produced
by this program.
The final program turbo.m is a matlab program used in section 6.5
to calculate the LLR values without using the approximation given
in equation (3.13).

A.2

Data structures

All the c++ programs use a self written data structure which at first
was used because it was spacesaving. After a while it was discovered
that this was not the case. However, it was still easier to work with
this data structure instead of an integer structure.
TODO
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